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Introduction. 
The study of vibrational stability of nassive stars undergoing 
radial oscillations has been investigated thoroughly by Schwarzschild 
and Harm [ 1], A. Boury [2) and P. Ledoux [3]. However, until 
recentl~ very little work has been done on the stability of stars 
undergoing non-radial oscillations. R.L. Simon [4] has studied the 
vibrational stability of the standard model undergoing non-radial 
oscillations but the difficulty in solving the basic equations governing 
non-radial oscillations has hampered the study of the stability of 
massive stars. 
However, recently, these equations have been solved numerically in 
detail by P, Smeyers [5] and Van der Borght and Wan [6]. 
has also studied the dynamical stability of massive stars. 
P. Smeyers [ 7] 
In this thesis we propose to investigate the vibrational stability 
of massive stars initially composed of pure hydrogen undergoing 
non-radial oscillations. In the first chapter we discuss the models 
which we shall use. In the s econd chapter we rederive the basic 
equations governing non-radial adiabatic oscillations of stars and in 
Chapter 3, we integrate these equations. In Chapter 4 we use a 
perturbation method to find the eigenvalues and compare them with 
the results of Chapter 3, In Chapter 5, we discuss a variational 
method for non-radial adiabatic oscillations. 
• 
- vii -
In Chapter 6, we make use of the results of Chapter 3 to 
investigate the vibrational stability of stars of various masses 
undergoing different modes of oscillations . 
The numerical calculations have been done wi th the aid of the 
CDC 3600 Computer of the Commonwealth Scientific and Industrial 
Research Organisation and the CDC 3200 Computer of Monash University • 
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Chanter 1 Equilibrium Models of Stars Com1Josed of 
'Pure :tydror;en. 
Section 1.1 : Basic E9auations of the Model. 
In t he study of the vibrational stability of non-radial 
oscillations of massive stars, we shall use the equilibrium models 
of stars composed of pure hydrogen constructed by Van der Borght 
[ 8) . 
In t he construction of t hese models, the f ollowing factors 
have been taken into consideration. (1) Convective envelopes 
must not be considered since t heir surface ternl)eratures are so hi ~h . 
(2) Their convective cores are very extensive and contain almost 
a ll the nuclear energy production. l3) Bound-free and free-free 
transitions do not contribute ap~reciably to t he onacity, and 
electron scattering constitutes the mai source of o~city. 
The stars are assumed to ~ossess spherical symmetry and thus 
all t heir '!Jhysical nro~erties depend uniquely on the distance r 
from the centre. We shall let p denote the density, P the 
total pressure, g the gravitationa l acceleration, T t he 
temperature, µ the avera~e molecular weight, 1 the mass 
r 
contained in a s-phere with the radius r , E the ,'>' eneration of 
energy per gram per second by nuclear processes and Lr the energy 
flux through the sphere with radius r. 
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The system of differential equations giving the basic 
equilibr ium conditions is (cf. Sc warzscbild [ 9) ) 
and 
where 
2.- M = 41tp r 2 dr r 
dP 
dr 
-dr 
dT 
dr 
= - gp 
=--L l(p~ 
Ari: r2 1.1.acT 3 
(radiative, in the envel one) 
dT = O - ..!._) ! .£ (convective, i n the core) 
dr r 2 J> dr 
G is the gravitational constant, 
IC t be opacity, 
a the Stefan-Boltzmann constant, 
c the velocity of light, 
\4-~)(r '-l) 
l.1.1) 
(Ll.2) 
(1.1.3) 
(1.1.4) 
13 is the ratio of gas pressure to tbe tota l ~ressure, 
and y I is t be ratio of the specific heat at constant pressure to 
that at constant volume f or a perfect eas ·, (Le. Y' 1 -= ti / 2 for a 
monatomic gas). (Cf. Chandrasekhar [ 10), P. 57.) 
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If PG denotes the e;as pressure and Pn, the radiation 
pressure, we have 
PG = 6iE...! p = .!. aT4 (1.1.'5) D 
' 
µ 3 
p = PG + p = aT
4 (1.1.6) 
' n 
•., 3(1-13) 
where ~ is the gas constant . 
Since we assume that electron scattering is t he main source of 
opacity, we can write 
IC = 0•'2004(1 + X) , (1.1.7) 
X being the abundance by weight of hydrogen. 
We shall use the f ollowing transforr.iations :-
p = r.i,4 µ 4 n / M:a 
8 
t = Rµ. T/P 
9 
- µ 2 M / M m = r o (1.1. 8) 
X = r/R 
t = !<µ21 
where R and L are the radius and luminosity of the star 
respectively and },T 
8 
the mass of t he sun. 
The equation (1.1.6) can be written as 
p = (1.1.J) 
- ~- -
Using the transformations 1.1.r.) and equation {~.1.9) we have from 
equations (1.1.1) to (1.1. 4 ) 
(A) In the envelo~e, 
t 2i. 
dx 
dt 
dx 
" aM2o -3 A 
= 4 n:x,J- t ~
~ 1-13 
= _! t3 ( 1-p) .!...( t - iiiG} 
~ t x2 4nc ( 1-p )N
0 
= -
t3 1 -t 
16rCC!t ( l -f3 )M x2 
(} 
(B) In the core, 
dm 
= 41t x43 P_ 
~t 
= Gt3( l- t3 ) !: __ af!-__ 
dx ~ x2 t -3~-24(3+3?. 
dt = _ 2(L1-- 3~) ~ Gm 
dx 32-3 t32-24-t3 ~ x2 . 
( 1.1. 10a) 
(1.1.lOb) 
(1.1. l.Oc) 
( 1.1. lla) 
(1.1.llb) 
( l .1. llc) 
Since we are considerin8 stars composed of pure hydrogen 
µ = O• 5 and X = 1 and 
J( = O• 2004 0 + X) c: O• "'-008 • 
Section 1.2: Integration of the Equations of Equilibrium. 
Dividins (1.1.llc) by (1.1.llb), we have in the core 
.!!!, = _ 2{4-2t3)t 
cl3 3f)2 (1-/3) 
I I 
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which can be integrated to give 
t - Pee -4 / f3c 1_ A = tc( X---f-'-
1-t\ Be -4 /e 
(1.2.1) 
where the suffix c denotes values at the centre. (Van der Borgbt 
and Meggitt [11)) • 
At the surface of the star the boundary condition is taken 
as T = 0, together with the expansions 
(3 = !3 e , 
m = µ2M/Mo e ' 
t a: 
13 eGm.e • l 1) 4R \- -X 
where M is the mass of the star and the suffix e denotes 
values taken at the surface. 
The condition ~ c O at the surface then leads to the mass-
dx 
luminosity relation 
The Runge-Kutta method is employed in integrating the equations 
(1.1.10) and (1.1.11). Starting with a trial value of A and f-' e 
the expansions mentioned above, the integration is then continued 
+,ill the boundary between the envelope and the core is reached, i.e. 
when the condition 
- 6 
I (dT) dr radiative = (dT) I dr adiabatic 
or, in our notation, 
(32 - 3t32 - 24/3)t = 32 rrc(4 - 3~)(1 - ~)GmM
6 
is satisfied. 
The integration is then continued through the core. Throughout 
the integration in the core a constant check is kept on the value 
Both these quantities should b• positive. 
As soon as a suitably chosen point ~ is reached, a rough 
estimate is made of the value of 13 at t _e centre, using the formula 
A c 1'l - lx-(~) 
~ c ~ p ~ P dx p 
where 
(~) 3$ 
8 ( 1-(3 ); 
= p p p 
dx P ~ t x2 (32-3t3 2-24{3 ) pp p p 
From equation (1.2.1) we have 
t3 C e-4 / t3 C l-t3p 
= t /{ X -------p 1-;9 t3 e-4/ p 
C p 
t 
C 
With t he rough estimate of t3 c a series expansion of B is constructed 
of the form 
13 = t3 + t3 I X2 + /3 I~ + hx6 
C 2 4 
where 
and 
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i3 I = 
4rtG 1 , 
:3~ (1 - (3 ) 2 T 6t Pc C , 
C 
rtG l (3 I = i!f"" 6t (b 1 c 1 + a 1 d 1 + a 1 c 1 (f -4 C 
(~l2 - 2/3 'x -1$ 'x3 
h = 
2 ~ 4 p 
6x5 p 
t = t M , C C 0 
p 1 = ~ t3 
C :/R, C ' 
t = 
2 
' 
( 4-3(3 C) (3 C 4rtGp ~ 
6 iff"" 3 ' 
t3 (3 I t2 
a C 2 
p~ = :JR, r:/3 ( r:/3 + 31\ t } , 
C C C 
a, = (3 (1 - (3 ) 
C C ' 
t 
~)} 
t 
, 
C 
I 
b 
1 
C 
1 
d 
1 
= ~ t ( 1 - 2 ~ ) 
2 C 
c p I p2 
C C 
- 8 -
= B (2p 1 ~ 1 + 1 p 1 B ) 
C C 2 5 2 C 
f = 6 (3 1 ( ~ + 4 )/6.. 
2 C 
This series expansion is used to compute the value of ~ (int.) 
n 
at the point x and this value is then compared with the value p 
of B (ext.) obtained from the integration of the differential 
p 
equations. 
The value of ~ is then adjusted in order to make the difference 
C 
between these two values of ~ smaller than a given number (e.g. 
p 
Using this value of ~ it is then possible to estimate the 
C 
mass ~ (int.) at the point X ' p using the formula 
where values of t are obtained from (1.2.1). The value of 
M = I iiip(int.) - ~(ext.)I 
where iii (ext.) is the value of m obtained from the integration p p 
of the differential equations, is then used as a measure of the 
accuracy of the trial value of (3 • 
e 
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Once two values of e have been found, one too' large and the 
e 
other too small, it is easy to make the procedure quite automatic 
and by using the weight factor M to construct an iterative method 
which converges quite rapidly to the right value of ~ . 
. e 
By the above method, various models of massive stars composed 
of pure hydrogen have been constructed. 
The equation expressing the condition of tber!!18l equlibrium is 
(1.2.2) 
where is the point on the boundary between the core and the 
envelope. 
Since B , p 
' 
and t have been found as functions of X 
in the range 0 to xf in the models constructed above and e: is 
a function of T and p 
' 
it is possible to find a value of Tc 
which satisfies equation (1.2.2). Hence if we know the appropriate 
function e: of T and p , we can find the radius R given by 
R = t M /µT C O C 
and thence the effective temperature. 
We shall discuss the nature of € as a function of T and 
p in a later chapter. 
A list of the principal characteristics of the models used 
- 10 -
is g i ven in Table 1. Tables 2-5 give the distribution of the 
physical properties in the models used. We shall also use the 
symbols ~ f or iii ( = µ 2 M/ M.J and S R for t3 The subscript 
e Q A e 
f refers to values at xf . 
- 11 -
Table l . 
Principal characteri stics of the models used. 
2 
·M 
'11( = µ M) 13c 13f :3R ( = f3 e) xf qf( =Mr) ~ 
10 0.794 0.865 0.904 0.39'2 0.572 
20 0.654 0.747 0.790 o.468 0.731 
30 0.571 o.666 0.706 0.512 o.8o8 
4o 0.515 0.607 o.642 0.542 0.853 
50 o.473 0.561 0.593 0.565 o.882 
60 o.441 0.525 0.552 0.582 0.899 
70 o.414 o.494 0.519 0.596 0.919 
80 0.393 o.468 o.491 0.608 o. 9'28 
250 0.241 0.282 0.291 0.697 0.979 
4oo 0.195 0.225 0.230 0.727 0.999 
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Table 2. 
Distribution of the physical properties,~ = 10. 
- t X m 
o.o o.o 2.333(- 5) 4. 691 (-1 5) 7.942(-l) 
0.0025 3. 133 (-6) 2 .329(- 5) 4.689 (-15) 7. 942 (-1) 
0.0125 3. 916 (-4) 2 .324(- 5) 4.686(-15) 7.942(- l) 
0.0525 2. 919(-2) 2 .245 (- 5) 4.639(-15) 7.955(-1) 
O.lCY25 2 .052 (-1) 2.019(- 5) 4.497(-15) 7. 9SQ (-1) 
o. 1525 6 .295 (-1 ) l . 699 ( - 5) 4.273(-15) 8.054(-1) 
o.2ce5 l .343 l .338(- 5) 3.981 (-15) 8. 138 (-1) 
0.2525 2.322 9.891 (- 6) 3.638(-15) 8.244(- l) 
0.3CY25 3.490 6.866(- 6) 3.258(-15) 8.372(-l) 
0.3525 4.746 4.474(- 6) 2.858(-15) 8. 521 (-1) 
O. 4CY25 5.982 2. 728 (- 6) 2. 451 (-15) 8.687(- l ) 
o.4525 7.099 l .553 (- 6) 2.075(-15) 8.816(-l) 
o. 5CY25 8.CY24 8.296 (- 7) 1.741 (-15) 8.901(-l) 
0.5525 8. 730 4. 174(- 7) l . 447 (-15) 8. 956 (-1 ) 
O .6CY25 9.234 l .980(- 7) l . l 91 (-1 5) 8. 990 (-1) 
0.6525 9.570 8.800(- 8) 9.674(- 16) 9.01 1(- l) 
O. 7CY25 9.779 3.614(- 8) 7. 71 9 (- 16) 9.CY23(-1) 
o. 7525 9.899 l ,335(- 8) 6.006(-16) 9.030(-l) 
o.8CY25 9.961 4.219(- 9) 4.498(-16) 9.034(-1) 
0.8525 9.988 1 .037 (- 9) 3. 164 (-16) 9.035(-1) 
0.9025 9.998 l • 588 (-10) l . 976 (-16) 9.035(-l) 
0.9525 1 .000 (+1) 7.480(-12) 9. 122 (-17) 9. 036 (-1 ) 
o. 9925 1 .000 (+1) 3.748(-15) 1.382(-17) 9.036 (-1) 
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Table 3. 
Distribution of the physical properties, '()1 = 8o 
-
- t X m p t3 
o.o o.o 1 .896(- 3) l . 846 (-1 4) 3 . 926 (-1 ) 
o.oce5 3 .203 (-5) 1.896(- 3) l .846 (-14) 3 .se6 c-1) 
0.0125 4.004(-3) 1.891(-3) l .845 (-14) 3 . 926 (-1) 
0.0525 2. 970 (-1 ) 1.801 (- 3) l .822 (-14) 3. 933 (-1 ) 
0.10'25 2.049 1 . '.575 (- 3) l . 761 (-1 4) 3,950 (-1 ) 
0.1525 6.139 1.269(- 3) 1 . 666 (-14) 3. 978 (-1) 
0.20'25 1 .272 (+ l ) 9.490(- 4) 1 ~547(-14) 4.016(-l) 
0.2525 2. 128 (+ 1) 6.636(- 4) 1.412(-14) 4.064(-1) 
0.3025 3 .095 (+ 1) 4.372(- 4) 1 .269 ( -1 4) 4.121(-1) 
0.3525 4.079(+ l) 2,733(- 4) 1.125(-14) 4. 187 (-1 ) 
o.4ce5 4.999(+1) 1 .629(- 4) 9.851 (-15) 4.262(-l) 
o.4525 5 .805 (+ 1) 9.282 (- 5) 8.527 (-15) 4.346(-1) 
O. 5025 6. 470(+ l) 5. 055 (- 5) 7.294(-15) 4. 441 (-1) 
0.5525 6. 990 (+ 1) 2.621 (- 5) 6.159(-15) 4.547(-l) 
O. 6CY25 7 .375(+1) 1.282(- 5) 5 . 122 (-1 5) 4.669(-l) 
0.6525 7 .643 (+ 1) 5 .824(- 6) 4.182(-15) 4. 780 (-1) 
O. 70'25 7.814(+1) 2 .424 (- 6) 3.346(-15) 4.847(-l) 
0.7525 7. 915 (+ 1) 9.018(- 7) 2 .610(-15) 4.884(-1) 
0.8025 7.967(+1) 2 .861 (- 7) l . 956 (-1 5) 4.902(-l) 
0.8525 7 · 990 (+ 1) 7 .038(- 8) 1 .376 (-15) 4. 911 (-1) 
0.9025 7. 998 (+ 1) 1.079(- 8) 8.596( -1 6) 4. 913 (-1 ) 
o. 9525 8.000 (+ 1) 5.o82(-10) 3. 969(-16) 4.914(-1) 
o. 9925 8.000(+1) 2 .546(-1 3) 6.011(-17) 4.914(-1) 
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Table 4. 
Distribution of the physical properties, m = 250 
- -X m p t f3 
o.o o.o 2 .4o6(- 2) 3.684(-14) 2. 407 (-1) 
0.0025 1 .249(-4) 2 .4o6 (- 2) 3.684(-14) 2 . 407 (-1) 
0.0125 1 . 561 (-2) 2.398(- 2) 3. 681 (-1 4) 2.408(-l) 
0.0525 l . 150 2 .270(- 2) 3 .630 (-14) 2.410(-l) 
o. 1025 7.861 1 . 934 (- 2) 3,487(-14) 2.419(-l) 
o. 1525 2.313(+1) 1 . 499 (- 2) 3 .270 (-14) 2 .432 (-1) 
0.2025 4.685(+1) 1 .068 (- 2) 3 .003 (-14) 2.449(-l) 
0.2525 7.647(+1) 7.o85(- 3) 2.708(-14) 2. 471 (-1) 
0.3025 1 .o84 (+2) 4.424(- 3) 2. 405 (-14) 2.496(-1) 
0.3525 1 .395 (+2) a .626 (- 3) 2. l 09 (-1 4) 2. 525 (-1) 
o.4025 l .674(+2) 1.493(-3) 1 .829(-14) 2.557(-l) 
o.4525 l • 908 (+2) 8. 169(- 4) I . 571 (-14) 2.591(-l) 
0.5025 2 .094(+2) 4.304 (- 4) 1,337(-14) 2.629(-l) 
0.5525 2 .235 (+2) 2.179(- 4) 1 . 126(-14) 2 .671 (-1) 
o .6ce5 2 .337 (+2) 1 .052 (- 4) 9 -373(-15) 2. 717 (-1) 
0.6525 2. 4o6 (+2) 4. 788 (- 5) 7.684(-15) 2.768(-l) 
o. 7025 2. 451 (+2) 2.008(- 5) 6. 170 (-15) 2.827(-l) 
o. 7525 2 .477(+2) 7.510(- 6) 4.817(-15) 2.870(-l) 
0.8025 2 .491 (+2) 2.388(- 6) 3.613(-15) 2 .89'2 (-1) 
0.8525 2. 497(+2) 5 .883 (- 7) 2.543(-15) 2 ,902(- 1) 
0.9025 2 .499(+2) 9.022 (- 8) l . 588 (-15) 2. 905 (-1) 
0.9525 2.500(+2) 4.249(- 9) 7.334(-16) 2.906(-l) 
O, 99'25 2.500(+2) 2.129(-12) 1.11 1(-16) 2.906(-l) 
1 
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Table 5. 
Distribution of the physical properties, '¥)'2 = 400 
- - t X m p t3 I, Ii 
o.o 0.0 6.817(- 2) 4 . 851 (-1 4) 1.946(-1) 
0.0025 2. 1 73 (-4) 6.816(- 2) 4 .851 (-1 4) 1.946(-1) 
0.0125 2. 716 (-2) 6. 793 (- 2) 4.847 (-14) 1.946(-1) 
0.0525 1 .996 6.407( - 2) 4.776(-14) 1 . 948 (-1) I! I 
0.1025 1.358(+1) 5 .~(- 2) 4.575(-14) l . 954 (-1 ) 
o. 1525 3. 968(+ 1) 4. 122 (- 2) 4 .275 (-1 l+) l . 963 (-1) 
0.2025 7.963(+1) 2 .882 (- 2) 3. 907 (-14) 1 . 976 (-1) 
0.2525 1 .287 (+2) 1 .872 (- 2) 3 . 506 ( - 1 l~) l . 991 (-1 ) 
0.3025 1 .809(+2) l . 1 45 (- 2) 3 .099(-14) 2.008(-1) 
0.3525 2 .306 (+2) 6.662 (- 3 ) 2 . 705 ( - l l~) 2.028(-l) 
o. 4025 2. 745 (+2) 3 . 720(- 3) 2.336(-14) 2.049(-l) 
o.4525 3. 109(+2) 2 .003 (- 3) 2.000(-14) 2 .072 (-1) 
0.5025 3 .394(+2) l . 041 (- 3) 1 . 697 (-1 4) 2 .098(-l) 
0.5525 3 .607(+2) 5.212(- 4) 1 . 426 (-1 l+) 2.125(-1) 
0.6025 3, 759(+2) 2 .497(- 4) l . 185 (-1 4) 2.155(-1) 
o .6525 3 .862 (+2) 1 . 130 (- 4) 9.709(-15) 2.188(-1) 
o. 7ce5 3. 927 (+2) 4.737(-5) 7.802(-15) 2.225(-1) 
o. 7525 3.966(+2) 1 . 776 (-5) 6.097(-15) 2.264(-1) 
0.8025 3.987(+2) 5.657(- 6) 4.575( -15) 2 .287 (-1) 
0.8525 3 . 996 (+2) 1 ,394(- 6) 3 .22 l ( - 1 5) 2.296(-l) 
0.9025 3 · 999(+2) 2.139(- 7) 2.012(-15) 2 .299(- l) Ii 
o. 9525 4.000(+2) 1 .007(- 8) 9.289(-16) 2 .300 (-1) . I 
0.9925 4.ooo (+2 ) 5 .047 (-1 2) 1 . 407 (-16) 2.300(-1) t 
I, 
Ii 
I> 
Ii 
Ii 
I, 
l 
; 
Chapter 2 
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Non-radial, Small, Adiabatic Pulsations 
of Massive Stars. 
Section 2.1 : The Basic Equations. 
In this chapter we rederive the basic equations for non-radial 
adiabatic oscillations which have been discussed by Ledoux and 
Walraven [ 12] . 
(1) The continuity equation. 
The equation of continuity is 
clp . (p ) ch + div ~ = 0 (2. l. l) 
where v is the velocity of the particle of fluid considered 
and t denotes the time variable. 
We write 
p 
V 
s:: 
I 
Po + P 
r:: V + V 1 
-o 
(2.1.2) 
where the suffix o refers to equilibrium values and the prime 
refers to deviations from them. 
Since we are considering small oscillations, the deviations 
from equilibriu~ 
clp 
and n = O • 
gives 
are small. We have also at equilibrium ~ -= 0 
Neglecting terms of second order, equation (2.1.1) 
' 
I 
I 
- 17 -
cp I 
c) t + div(po! I) = 0 
(2.1.3) 
(2) The equation of motion. 
The equation of motion is 
dv 1 
= f - - grad p dt p 
or 
OV 
+ (v. grad)~ 1 - = f grad p dt p 
(2.1. 4 ) 
where f is the force per unit mass acting on the particle 
considered and %t denotes different iation with respect to time 
following the particle. 
At equilibrium, 
V = 0 • (2.1. 5 ) 
-o 
Putting 
(2.1. 4 ), 
f =f +f' and using (2.1 .2), we have from equation 
-o 
:::s v' 
0 ' ' ' Po ·if c {p
0 
.!,
0 
- grad P
0
} + p 0 f_ + p .!o - grad P , 
neglecting terms of second and hi gher orders. This reduces to 
o v' ' ! 
= 
f I + p 
2 
grad p grad P' 
or P o 0 Po 
(2.1.6) 
where we have made use of (2 . 1.5). 
(3) Energy equation 
The energy equation is 
- 18 -
_ddtP c: y P 2£ +f).(p€ - div F) 
p dt - (2.1. 7) 
where 
{-+ = 4 - 3(3 = r - 1 
B/( y 1-1 )+12 (1-13 ) 3 
r3 IC: ( 4-3B ) ( y 
1
-1 ) 
+ l 
' 13+12{ 1-13 ) h 1-l) 
(4-313 )2 ( . 1-1) 
y 
"" 
13 + . 
13 +12(1-t3)(y 1-1) 
F is the heat flux, 
.! div F is the nett loss of beat ~er unit mass oer sec. 
p 
Equaiion (2.1.7) can be written as 
~: + _!, grad P - f (~ + _!.grad p) 
-=t}p(€ - .!. div F) 
(2.1.8) 
p -
We shall use the substitutions (2.1.2) together with C+ = .i"::--
0 
+-f-_: 1 
Y r: ., + ) I I O • I F = F + F 1 and P = P + P 1 where, as before, 
-o 0 
the suffix o refers to equilibrium values and the prime to 
deviations from them. Since we have small oscillations about an 
equilibrium state 
c) p 
0 
o t 
C: 
<Po 0 , V 
-o 
0 and - .!._ div F 
€ 0 po -o "" 0 • 
Ha.king the above substitutions in the energy equation (2.1.A) and 
neglecting second and higher order terms we have 
- l :"1 -
c, P1 
2, t + .! , . grad po ')' Op O (cp I I ) + v.grad p 
p 0 o t - o 
= 'H-' p {E 
- 0 0 
1 div F } 1 (2 .1. 9) 
--p 
The prime in the R.H.S. means t hat the expression in the brackets 
bas been expanded to the first order terms. 
Since we consider here small adiabatic oscillations, the 
R.H.S. = 0 and the energy equation reduces to 
d p I )' Op O /C' p I ) 
+ _! 1 ,grad P
0 
- - \~· t + v' .grad p d t Po c - o 
= 0 . 
(2.1.10) 
(4) The Poisson equation 
Since the force on an element is due to the self-attraction 
of the star, 
f = - grad cp 
where the potential cp satisfies the Poisson equation 
'v ~ = 4 rr GP • 
Again using (2.1.2) and putting ~ = ~o + ~ · , we have 
f ' = -grad cp 1 (2. l. ll) 
aud cp ' satisfies the Poisson equation 
(2.1.12) 
~--~ 
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Section 2.2 : Basic Equations in terms of the Displacement. 
Let the vector 
(2.2.1) 
where 2~/cr is the period of oscillation , determine the position 
of a particle from its equilibrium position. 
Then 
v' 
d (I". ) .h d (s::. ) = b (r)eicrt 1.,., 
a:: dt V!. CJ t V,! V 
i.e. 
v' = 
. h( ) icrt 1 cr r e 
--
We write 
p' = p, (r )eicrt 
p' = p' (r )eicrt 
cp' = er' (r )eicrt 
and we use the notation 
where (r ,e ,~' ) are the usual spherical polar co-ordinates. 
We shall use these to eliminate the time from the basic equations 
of Section 2.1. 
(1) Continuity equation, 
The continuity equation (2.1.3) then becomes 
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p 1 + div(p b) = 0 
0-
(2.2.2) 
where now P1 and b are functions of position only. In 
spherical polar co-ordinates, 
div(Po!!) = (p sine~ (r2'5r) + r2or sine CPo o o r c r 
+ p r2 ¥- (sin 850 ) + rap sine ~ (5w )} __ ,__ 
o c:e O ( ~' r 2 sinB 
Substituting this in (2.2.2), we have 
L + ~ ~ + ~ ~ {r2or) + _l ~ (sin eoe ) p O Po d r r- Cr sine ce 
b 
+ - (o~r) a: 0 
ch!r 
(2.2.3) 
(2) F,quation of motion. 
Substituting (2.1.11) in (2.1.6) and using 
I i<1 h iot V "" e 
d V1 icrt 
-
= - cr2 b e ( t 
we get 
I 1 
o 2 b ... grad cp 1 - ~ grad p +- grad p' (2.2. 4- ) 
Po 
0 Po 
where here cp I and p' are also functions of r only. 
-
In component form, 
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cr2or 
(2 .2. 5) 
cr2r sineo\jr = .1 e %; (cp' + ~-) 
rsin o~ p0 
(3) The energy equation. 
Using again P' = P'(~)eicrt etc. we find from (2.1 .8) that 
dPo YoPo dPo PI + Or ~ - (p I + Or -.._-r) = Q 
or p 0 or 
(2.2.6) 
for adiabatic pulsations. 
dropped. 
Here again the time factor has been 
(4) The temperature equation. 
For adiabatic oscillations, we have also the equation 
dT 
dt = 
As before, putting 
(r - 1) ! ~ 
3 p dt 
T = T + T' , 
0 y = y' , r = (r ) + r' 3 3 0 3 ' 
and using the continuity equation (2. 1 . 1), eliminating the time 
factor and neglecting higher order terms, we get 
(2.2.7) 
where again all values are now functions of position only. 
The first equation of (2.2.5) can be written as 
- 23 -
" p ' ' " P " crS?o r = o (m • + ) p o o + 1 p , c,p o or't' -P -,r~, -
o P 0 o r Po or 
(2.2.8) 
But from the energy equation (2,2.6) 
p I 
and substituting this in (2.2.8) we get a f ter some lengthy 
calculations 
o~r ,::: 
cl ( cp' p ') + A(!.'._ + .§E c)P O) 
or 
+-
0 Po Po~ 
(2.2.-J) 
where 
A 1 0Po 1 
dP0 
C 
----Po clr yOPO dr 
(2.2.10) 
Substituting p 1 0 - div(p 0 _!!) from equation (2.2.2) into 
the energy equation (2.2.6), we have 
·= 
Substituting this in (2.2. ~), 
y opo (-div(p~) +or ~P ro} pg-
YoPo 
= - - div h 
Po 
-:::- p I 
(12Qr C O (cp I + -) 
y p 
A O O d' b dr Po - - 1V Po 
(2.2.11) 
It follows then that equation (2.2. 1) can also be written as 
+ 
!..:) ('P' or clPo) 
0 grad (cp 1 + A - + - -Po - Po Po clr 
(2,2. 12) 
or 
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p' 
a2b -= grad (cp' + -) 
Po 
y p 
A O O d" h 
- - 1V 
- P o 
(2.2. 13 ) 
where A is to be considered as a vector with a radial component 
only, given by (2.2.10). 
Section 2.3 Expansions in Spherical Surface Harmonics . 
We assume that ! , p 1 , P' and cp I can be expanded in 
series of surface spherical harmonics Yf , i.e. 
where 
f I (r ,e ,\V ) s.: f ' (r )r1(e ,,1, ) 
t 
m( ) m( ) im~r \ e, ~( = pt cos e e 
and Y~ satisfies the equation 
1 oa l 'i 0Yi (11) + - .£.. (sin e -) + t (t + 1)Yi = o 
s in2 e o\jr2 sine oe oe (2. 3. 1) 
We shall write 
pl 
X = cp' + -
Po 
(1) Equation of motion. 
The equation of motion (2.2.12) can be written 
a2h c: grad X + A( X - cp ' + .!.... h . grad P ) Po - o 
and since 
(2.3.2) 
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we have, finally, 
cr2 b = grad X + _!(X - ~· - 5rg) 
Also introducing the notation 
a = div h 
the equation of motion (2.2.13) becomes 
l p 
cr2 h = grad X - A~ a . 
In component form, 
or 
Po 
ox A( I ) 
= - + X - cp ·- 5 rg or 
1 ox 
= -; oe 
__ i_ ox 
rsin e ot 
(2.3.3) 
(2.3. 4) 
(2.3,5) 
(2.3.6) 
On making use of the expansion X (r ,e ,~' ) = X (r )~(e ,'ll' ) , the last 
two equations become 
x (r) oYf 
=--
(2.3.7) 
r oe 
(2) Continuity equation. 
- ?6 -
X(r) oYi 
rs in e cl e (2.3.R) 
Using (2.3.4) and the continuity equation (2.2. 2), we have 
(2 .3.9) 
Also 
ex ,0:: div h = 1 d (r2 5r) + l 0 (sin eroe) 
r 2 dr rsin e Te 
1 0 (r sin eo,11 ) + 
rsin e 2~, 
and usjng (2.3.7) and (2.3. 8), 
1 d + x(r) ( 1 0 drn1 
ex E rR. or (r
2 5r) (sin e --1: ) 
a2r2 sin e oe oe 
1 2l2~ } 
+ 
sin2 e d ~,Ii 
From (2.3.1), this becomes 
ex = .!_ ~ (r25r) - .t(.t+l) X(r ) ~ . 
r2 or a2r2 'v 
(2.2.10) 
(3) Energy equation . 
Substituting the expression for ex fr om (2. 3. 9) i n the energy 
equation (2.2.6) we have 
oP p I + or O c:: - Y p ex • dr O 0 (2. 2.11) 
From (2 .2 .10), 
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1 0Po } 
= yP(--- A 
0 0 Poor 
Substituting this in (2.3.11) we have, using (2.3.9) again, 
(4 ) The Poisson equation. 
Since 
We have 
+--1-~} 
sin2 e ?~c£ 
(j) I ,: cp I ( r )~ 
(2. 3. 12) 
1 c) :;:,.,,._1 l o2 m I 
e 
~e (sine ~e ) + ~ -= - .t(.t + 1)cp' 
sin Ot:I o sin e O~r2 
Hence (2. 1.12) becpmes 
c .!... .£._ (r2. Oq) I ) - ,t( ,t+ 1) CJ) I 
r 2 or or r 2 
= 4:rr p 1 G (2.3.13) 
Section 2.4.: Fourth Order System of Equations. 
Using (2.3.10) and (2.3.2), we have 
1 o .t(.t+l) p' 
a = -::1? - ( r 2 5r) - ( cp 1 + - } 
r or er r2 Po 
Substituting this in the energy equation (2.3.11), we get 
We introduce here the notation 
pl 
Po = y ' 
u 
With these notations we have 
Also 
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= r2or 
= ~ +dY 
cl r cir 
(2. 4 . l) 
(2. 11. .2) 
Substituting this in (2.3.3) we get f or the radial component, 
cy 
- + yA or 
1 d I 
c: - (a 2 + Ag )u -~ 
r2 o r 
From (2.3.12), 
P' Po 
== y
0
p
0 
- or p0 A 
Substituting this in (2.3.13), we have 
(2.4.3) 
1 c) ( 2 ~) ~(~+l) I 
?I or r or - r2 cp 
Po uA) 
= 4:irGp (yPy - r2 
0 0 0 (2. . 4 ) 
Equations (2.4.2), (2. 4.3) and (2. 4.1) form a fourth order 
system of differential equations which we shall integrate in the 
next chapter, subject to the boundary conditions below. 
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Section 2.5 : The Boundary Conditions. 
At the surface, we must hav e 
dP0 OP = p I + Or cir = 0 i n r s:: R, 
or 
y ·- ug = 0 in r = R (2.5.1) 
and 
in r = R • (2.5.2) 
(cf. Ledoux and Walraven [ 12], p. 513-4 .) 
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Chapter 3 Integration of the Equations for Non-radial 
Adiabatic Oscillations of Massive Stare. 
Section 3.1 : Transformation of the Equations. 
In this and subsequent chapters we shall drop the suffix 
o for equilibrium values . Thus the equations (2. 4.2) to (2. 4.4) 
can be written as 
~ - .e._ gu = 
dr yP 
[ .t( .tf. 1) - p r2] y + .f_, ( .f,+ 1) q> t 
cl- yP a2 
.21 + y A c: \. (cr 2 + Ag)u 
dr r-
1 d (r2 dcp I) - t (.t+l)(j) I 
r 2 dr dr r2 
d:P t 
dr 
= 4rr Gp (L y - uA) 
r P r2 
where now u , y, cp' are functions of r only, use having 
been made of the expansions in Section 2 .3. 
On using the transformations (1.1. 8) the above equations 
become 
du 1 G ~iii + (.t (.t+l) - x2 ~} L 
-
= - -...-- u dx r ~tx2 w2 G'M. y~ t \;i 
t (t +1) 
-1 (3.1.1) + 
w2 G ~,~. Me 
dX. GH6 iiiA ds (3.1.2) 
-= - A"' + - (<Ja ,, ,i_ + -} u--
dx x2 x2 dx 
d
d~ + _g _2l _ t (.t+1) S = 4rrG t3P_( ~ - Me Au} 
X dx °r' ~ t Y ~ t x2 ( 3 . 1 • 3 ) 
where 
A = 
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GM 
.!. tie + .!. ~ _ .!. 2.! _ .!._ dp 
~ dx n dx t dx YP dx 
which vanishes in the case of adiabatic equilibrium, i.e. in the 
core of the star. 
and 
The boundary conditions (2.5. 1) and (2.5.2) become 
"' - GYi11M u s: O at x = l e 
:~ + (,t + l )s c: 0 at X t: 1 . 
(3.1.4) 
(3.1.5) 
In order to facilitate the numerical integration, we make 
the following change of variables: 
~ = u/xt+i 
fl • "'/ ( G ~ tl M xt ) 
0 
~ • (:/(G ¥r1 M6 xt) 
The equations (3.1.1) to (3.1.3) then become 
d~ + (.t+l )~ 
Tx X 
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(3.1.7) 
d2 41 2 ( -t+ 1 ) d cl> 
-+ - C 
dx2 X d:X: 
4 ,r~ ( t3T)_ - _L s} 
61, t 6?.rt }12 Gx (3.1. 8) 
The boundary conditions (3.1. 4 ) and (3.1. 5 ) become 
S "' Tj at X "" 1 (3.1. J ) 
and 
#x + (2t + 1 ) cl> c O at x c: 1 (3.1.10) 
Section 3.2: Integration of the Equations. 
The system of equations (3.1.6) to (3.1.8) bas been 
integrated numerically, using the following expansions at the 
centre:-
where 
s -= 1.0 
TJ • Tlo 
1 
cl> = cl> +---
0 2(2.t+3) 
uP 
n • - lb 
•
10 .t - o 
'11 • s /G~1m . 
0 0 8 
4rcGt3e Pc t3 c 
61, tc ~Yctc 
Tj i2 
0 
w and s
0 
are parameters to be guessed. The Runge-Kutta 
method is used for the integration starting from the l>Oint x a 0•0025 
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and proceeding to the point x = 0• 9925. 
The surface values sR , ~ and ~ are obtained from 
R R 
s , ~ and ~ at x = 0•9925 by t he f ollowing expansions:-
where 
sR = ~ 
~R = :\R/(G'«l1M9 ) 
~ R a: sR/(m1'H\1 ) 
Aki = 1 + (~ + l)y 
At<-2 = i(~ + 2 )(~ + 1 )y2 
y s:: ( 1 - x) x=O• 9925 = 0- 0075 
u 
R 
(u -A y-A y2) 
IC p 111 22 
(l+A11XA01Y+A,a1XA01y2) 
up = ~ X (0•9925)~+l 
x-=0•9925 
= m\m 
= (BC - BC )j(A B - AB) 
21 12 12 21 
~ (B D - B D )/(BA - BA) 
lal 12 Bl 12 
(B D - B D )j(A B - AB) 
4,3 34 S4 43 
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A1 = - (1 + 4/r ) R 
Ar:i c: - 4\'t M A 't3 a o' ' R 
B
0 
= - 1 + 4R. A/(~ Gr1 ) 
r., o R 
C2 = 100, A0/( t\G :rr;.) + ufl 
sp' D = - _ __._ _ _ 
2 (Ak3 +J\4) 
" -= [GWM x,e,(.!._d4> + ,e,~)] 
';,p I o X x x=O• 9925 
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A1, - • - 4{6 - 4B )j( y Gf:'l M ) 
no 11 R a 
D "" 
3 
A,..,. + A 
ti..' kb 
Ak7 c: - A + -t(-t + l)(D + B - s )/(w2GV1M ) 12 2 12 R G 
ll4 .. 
C4 s Aits + Ak 
. 10 
~9 
A Ins 
.. - 5B11 - 4R A0 (6 - 4B11 )/( f:?ttG \r. ) 
= -3if + G .,12M A if 
0 l l 
-= 16R A B / ( f3 G'rft ) + A G).Y~M w2 
o 12 R 12 e 
11.R "" (11.P - BuiY - B2,_y9)/(1 +Ruy+ B21y'I) 
11.P c: 11 0•9~ 5 X G¥Y.tM0 (0•9925) 
-t 
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= 
C (DA - AD )/(AB - AB) 
1 2 l 2 li 1 l 2 
B2.1 -= (c A - Ac )/(BA 34 34 34 BA ) 4 3 
R (DA - DA )/(BA - BA) 
34 4 3 3~ 43 
d <P The surface value of cti is given by 
"" (- D2 - -t{: )/(G~riM ) R. (t 
The results are given in Tables 6-13 for stars of mass 
,11 = 10 to 80 and various values of t and the dependence of the 
2 parameters w and s
0 
on the mass of the star for t c 2 is 
illustrated in Figs. land 2. 
given in Tables 14-17. Table 18 gives corresponding results for 
Yl"2._ = 250 and 400 , t "" 2 . Table 19 gives a comparison of our 
results for )!')1. = 10, t = 2 and those of Smeyers 1 [5] for 
B = O• 8 , t = 2 • 
C 
Tables 20 to 28 give the variation of g 
with x for the star rr;:__ "" 40 , various values of t and various 
modes. 
The behaviour of g as x varies is illustrated in Figs. 
3 (a) to (i) for various modes for the ma)s ~ ""40, l-= 2 . 
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Table 6. 
Values of w for ,n. =10 and 20 . 
.t = 2 .t = 3 t = 4 t=2 t=3 t = 4 
xr : = 10 ' (!_ = 20 
g4 0.2950 o.4101 0.5189 g4 0.2 161 0.3018 0.3838 
g3 0.3704 0.5105 0.6398 g3 0.2714 0.3766 o.4755 
~ o.4998 0.6772 0.8334 ~ 0.3673 0.50'28 0.6255 
gl 0.7759 l .0091 l • l 921 gl 0.5775 o. 7627 0.9146 
f 2 .2530 2. 7126 2 .9576 f 2 .2093 2 .6600 2. 9129 
pl 3.6017 4.0157 4.3295 pl 3 .51 !~7 3 . 9365 4.2492 
p2 4.8667 5 .2900 5.6328 p2 4.7496 5.1853 5 .5271 
p3 6. 1141 6.5464 6.9100 P3 5. 9726 6.4180 6.7813 
P4 7.3547 7.7973 8 . 1739 P4 7 .1939 7.6419 8.0'2 18 
Table 7. 
Values of w for ));'. = 30 and 4o. 
.t = 2 .t = 3 t=4 .t = 2 .t = 3 .t = 4 
~,1 = 30 r-2 = 4o 
g4 0.1783 0.2496 0.3183 g4 o. 1558 0.2184 0.2789 
g3 0.2239 0.3117 0.395 1 g3 0. 1956 0.2728 o.3466 
~ 0.3031 o.4170 o.~1 8 ~ 0.2647 0.3654 o.4588 
gl o.4783 0.6374 0.7715 gl o.4181 0.5607 0.6828 
f 2 .1977 2.6378 2 .892 1 f 2 . 1962 2 .6268 2.8804 
pl 3 .4761 3. 9027 4.2130 pl 3,4546 3.8850 4.1931 
p2 4.6926 5. 1374 5 .4793 p2 4.6587 5.1095 5 .4520 
p3 5 .9043 6.3553 6.7211 P3 5 .8641 6.3178 6.6852 
P4 7.1179 7.5668 7.9465 P4 7 .0726 7.5221 7.90¥2 
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Table 8. 
Values of w for \'l'i = 50 and 60. 
.t = 2 .t = 3 .t = 4 .t = 2 .t = 3 .t = 4 
g'°)'l_ = 50 '!17_ = 60 
g4 0.1402 o. 1966 0.2514 g4 o. 1288 0.1807 0.2313 
B3 0.1759 0.2457 0.3126 g3 o. 1615 0.2258 0.2876 
~ 0.2379 o.325e o.4144 ~ 0.2183 0.3026 0.3817 
gl 0.3759 o.5o63 0.6193 gl 0.3449 o.4662 0.5722 
f 2 . 1983 2 .6204 2 .8727 f 2 .2022 2.6169 2.8676 
pl 3,44o8 3 .8738 4. 1801 pl 3 .4315 3.8666 4.1713 
p2 4.6354 5.0904 5 .4334 p2 4.6187 5.0767 5 .4201 
p3 5.8366 6.2918 6.6600 P3 5.8168 6.2729 6.6415 
P4 7.0410 7.4914 7 .8733 P4 7.0174 7.4690 7.8505 
Table 9, 
Values of w for '(,'J. = 70 and 80. 
.t = 2 .t = 3 .t = 4 .t = 2 .t = 3 .t = 4 
m = 70 '(Y)_ = 80 
g4 0.1199 o. 1684 0.2 156 g4 o. 1127 o. 1584 0.2029 
83 0.1503 0.21 o4 0.2682 83 0.1413 0.1979 0.2525 
~ 0.2031 0.2820 0.3562 ~ o. 1909 0.2653 0.3355 
gl 0.3208 o.4348 0.5352 gl 0.3013 o.4093 0.5050 
f 2.2064 2.6147 2.8640 f 2.2109 2.6135 2.8613 
pl 3 .le47 3.8614 4.1649 pl 3.4197 3.8576 4.1599 
p2 4.6062 5 .0663 5.4098 p2 4.5964 5.0580 5.4017 
p3 5.8016 6.2586 6.6271 P3 5, 7895 6.2472 6.6156 
P4 6.9988 7.4518 7.8330 P4 6.9836 7. 4379 7.8189 
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Table 10. 
Values of log(- s) for M = 10 and 20 . 
0 
,e, = 2 .t = 3 .t = 4 .t = 2 .t = 3 .t = 4 
oY1 = 10 '01 = 20 
g4 26.2041 26.1538 26.116 8 g4 26.3436 26.2874 26.2487 
g3 26.4157 26.3579 26 .3122 g3 26.5501 26.4906 26.4459 
~ 26.6879 26.6218 26.5628 ~ 26.8281 26. 7591 26. 7028 
gl 27. 1668 27.0437 26. 9316 gl 27 .3043 27. 1872 27.0849 
f 28.0951 27.8583 27.6788 f 28.4068 28. 1709 27. 99.50 
pl 28.2480 28.0170 27 .8527 pl 28.5529 28.3230 28. 1593 
p2 28.3243 28. l 045 27. 9469 p2 28.6301 28.4102 28.2526 
p3 28.3751 28.1626 28.0098 P3 28.6822 28.46<]2 28.3 162 
P4 28.4125 28.2049 28.0557 P4 28. 7209 28.5127 28.3626 
Table 11. 
Values of lo~(- so) for '0".2 = 30 and 4o . 
.t = 2 .t = 3 .t = 4 .t = 2 l=3 -t = 4 
)i?_ = 30 m. = 4o 
S4 26.4173 26.3568 26 .3168 g4 26.4690 26.4o57 26.3643 
B3 26.6204 26.5591 26.5144 g3 26.6698 26.6069 26.5619 
~ 26.9007 26.8291 26. 7736 ~ 26.9512 26.8775 26.8221 
gl 27 .3705 27 .2572 27. 1605 s, 27.4150 27 .3040 27.2113 
f 28. 5962 28.3583 28.1826 f 28. 7338 28.4936 28.3177 
pl 28. 7394 28.5090 28.3446 pl 28.8752 28.6441 28.4790 
p2 28.8172 28. 5968 28.4387 p2 28. 9534 28. 7322 28. 5736 
p3 28.8702 28.6564 28.50?7 P3 29.0068 28. 7<;24 28.6382 
P4 28.9097 28.7004 28.5500 P4 29.0468 28.8371 28.6859 
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Table 12. 
Values of log(- so) for )-n_ = 50 and 60. 
.t=2 .t = 3 .t = 4 .t = 2 .t = 3 .t = 4 
m = 50 )')'2 = 60 
84 26.5070 26. 4412 26.3989 g4 26.5382 26.4705 26.4273 
g3 26. 7061 26.6417 26.5962 g3 26. 7358 26.670'2 26.6244 
82 26.9881 26.9123 26.8569 ~ 27 .0182 26.9409 26.8855 
gl 27.4467 27 .3373 27 .2472 gl 27.4725 27.3642 27 .2761 
f 28 .8420 28.5998 28.4232 f 28.9314 28.6870 28.5099 
pl 28.9820 28. 7502. 28.5844 pl 29.0705 28.8378 28.6713 
p2 29.0607 28.8387 28.6794 p2 29. 1488 28.9265 28.7668 
p3 29.1149 28.8994 28.7446 p3 29.2039 28.9875 28.8324 
P4 29. 1550 28.9444 28. 7928 P4 29.2445 29.0331 28.8810 
Table 13. 
Values of log(- so) for m. = 70 and Bo. 
.t = 2 .t = 3 .t = 4 .t = 2 .t = 3 .t = 4 
YY.2 = 70 lr2 = 80 
84 26.5641 26.4949 26.4508 g4 a,,5862 26.5156 26.4710 
g3 26.7606 26.6940 26.6477 83 26.7819 26. 7143 26.6676 
82 27 .0433 26.9647 26.9089 ~ 27 .0649 26.9848 26.9288 
81 27 .4936 27 .3861 27.2998 81 27.5116 27.4048 27.3198 
f 29.0072 28.7614 28.5834 f 29.0734 28.8257 28.6472 
pl 29. 1453 28.912 , 28. 7451 pl 29.2106 28.9767 28.8092 
p2 29.2243 29.0012 28.84o9 p2 29.2896 29.0660 28.9054 
P3 29.2792 29.0626 28.9068 P3 29.3450 29. 1277 28.9716 
P4 29.3203 29. l 082 28. 9559 P4 29.3861 29. 1738 29.02.07 
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Table 14. 
Values of lsRl/sc for tr2 = 10 and 20 • 
5.968 
4.222 
()7 = 10 
2.543 
l .843 
t = 4 
1.110 
8.259(-l) 
2 • 903 l • 3 l 4 6 . l 3 o ( - l ) 
2.0'21 9.891(-1) 4.937(-l) 
6. o68 l • 033 ( + l) l .200 ( + l ) 
4. 421 ( + 1 ) 3. 5 92 ( + l ) 3. 163 ( + 1 ) 
l • 09() ( +2) 6. 969 ( + l ) 5. l 07 ( + l ) 
2 • 041 ( +2) l • 094 ( +2) 6. 975 ( + l ) 
3 . 31 3 ( +2) 1 . 532 ( +2) 8. 694 ( + 1 ) 
Table 15. 
l.lo8(+1) 5.384 
7.553 3.745 
4.892 2.492 
3.050 l .628 
6. 91 8 l • l 97 ( + 1 ) 
4.123(+1) 3.617(+1) 
l . 003 ( +2 ) 6 . il2 ( + l ) 
l . 904 ( +2 ) 1 . 042 ( +2 ) 
3 • l 4 l ( +2 ) l • 45 4 ( +2 ) 
-t = 4 
2.690 
l .908 
l .311 
9.001(-l) 
1 .455 (+l ) 
3.287(+1) 
5.100(+1) 
6.829(+1) 
8.407(+1) 
Values of lsRl/sc for '(Y}_ = 30 and 4o. 
-t = 2 
o>'2 = 30 
g4 l .601 (+l) 8.314 
g3 l .072(+1) 5.665 
82 6.757 3,656 
4.440 
3 .o81 
2 .034 
3.995 2.246 ; 1 .306 
7 . 5 92 1 • 32 4 ( + 1 ) l • 61 4 ( + 1 ) 
4. 042 ( + l ) 3 • 71 3 ( + 1 ) 3 . 430 ( + 1 ) 
9. 782 ( + l ) 6. 743 ( + 1 ) 5 .203 ( + 1 ) 
1 .880(+2) l .034(+2) 6.874(+1) 
3 • l 22 ( +2 ) 1 • 44 7 ( +2 ) 8 • 41 3 ( + l ) 
-t = 2 
YY2 = 4o 
g4 2.070(+1) 1.116(+1) 6.2 14 
g3 l . 3 75 ( + l ) 7. 52 5 4. 2 62 
~ 8.498 4.758 2.748 
4.866 2.822 1 .697 
8.206 1.427(+1) 1.739(+1) 
4.034(+1) 3.826(+1) 3.574(+1) 
9.747(+1) 6.819(+1) 5.334(+1) 
l . 889 ( +2) l . 042 ( +2) 6. 984 ( + l ) 
3 . 1 4o ( +2 ) 1 • 462 ( +2 ) 8 • 52 9 ( + 1 ) 
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Table 16 . 
Values of l~Rl/sc for F1 = 50 and 60. 
t=2 t=3 t=4 t=2 t=3 t=4 
)"YJ. = 50 m = 60 
g4 2.513(+1) l .392 (+l ) 7.990 g4 2. 931 (+1) 1.654(+1) 9,677 
g3 1 .660 (+ l) 9.319 5 .427 g3 l .CJ28(+1) 1 . l 03 ( +l) 6.547 
&.2 1 .018(+1) 5.807 3.451 ~ l . 168 ( + 1) 6. 7CJ2 4.127 
gl 5.668 3.358 2.074 gl 6.441 3.874 2.432 
f 8.815 1.516(+1) 1 .849 ( + l) f 9.380 l ,599(+1) 1 . 950(+1) 
pl 4.052 (+ l ) 3.936 (+1) 3. 707 (+ l) pl 4.o88(+1) 4.046(+1) 3.834(+1) 
p2 9.790(+1) 6. 917 (+ 1) 5 .~(Q (+ 1) p2 9.877(+1) 7.032 (+1) 5 .590(+1) 
p3 l • 907 (+2) 1 .056 (+2) 7. 107 ( + 1) P3 1 . 929(+2) 1 .073 (+2) 7 .244(+1) 
P4 3. 165 (+2) l .481 (+2) 8.671 (+1) P4 3.197(+2) 1 . 504-( f-2) 8.835(+1) 
Table 17. 
Values of lsRl/sc for 1Y2. = 70 and 80. 
t=2 t=3 t = 4 t=2 t=3 t=4 
'¥Y2 = 70 m = 80 
g4 3 .323 (+ 1) 1 .908(+1) l • 136 ( + l ) g4 3,709(+1) 2. 155 ( + 1) 1 ,300(+1) 
g3 2. 186(+1) l .266 ( + l) 7.629 g3 2 .429(+1) 1.425(+1) 8.693 
~ 1.315(+1) 7.749 4.776 ~ 1 .454 (+ 1) 8.673 5.4o5 
gl 7.156 4.350 2.770 gl 7.835 4.811 3.090 
f 9.874 1 .681 (+ 1) 2 .o4o (+1) f 1 .034(+1) 1 . 759( +l ) 2. 129(+1) 
pl 4.127(+1) 4.147(+1) 3.951 (+l) pl 4.173(+1) 4.244(+1) 4.o60(+1) 
p2 9. 983 (+ 1) 7.147(+1) 5. 711 ( + 1 ) p2 l .009(+2) 7 .263 (+l) 5.827(+1) 
p3 1.951 (+2) 1 .090 (+2) 7 .379(+1) P3 1.973(+2) 1 . 107 ( +2) 7.512(+1) 
P4 3 .228 (+2) 1 .527 (+2) 8.995 (+1) P4 3.261 (+2) 1 .548(+2) 9.151(+1) 
gl 
f 
pl 
p2 
gl 
f 
pl 
p2 
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Table 18. 
Values of w, log(- so) and lsRl/~c for 
'01 = 250 and 400 • 
.t = 2 , o)l = 250 .t = 2' 
w log(-
1
l9) w 
0.1777 27 .6496 gl o. 1437 
2 .2645 29.6395 f 2 .2879 
3 .40'20 29. 770'2 pl 3.4037 
4.5458 29.8506 p2 4.5374 
lsRl/sc lsRl/sc 
1.620(+1) gl 2.139(+1) 
1 • 570 ( +l ) f 1.853 (+1) 
4.850(+1) pl 5.244(+1) 
1 . 1 58 (-+2) p2 1.234(-IQ) 
f/1 = 4oo 
log (- so> 
27. 7005 
29.8705 
29. 9991 
30.0799 
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Table 19. 
Comparison of our results for m = l O , .t = 2 with those of 
Smeyers' for P.- C = o.8, .t = 2 • 
Ours ( fr2 = 10) Smeyers (BC= o.8) 
if 
g4 o.o8703 o.o8se8 
g3 o. 1372 o.14o7 
~ 0.2498 0.2561 
gl 0.6020 0.6164 
f 5.076 5.ose 
pl 12.97 13.01 
p2 23.69 23.75 
P3 37.38 37.47 
P4 54.09 54.20 
I tR I /sc 
g4 5.968 5.813 
g3 4.222 4. 118 
~ 2.903 2.834 
gl 2 .021 1.988 
f 6.068 6.o47 
pl 44.21 44.46 
p2 109.0 l 09.9 
p3 204.1 2o6.6 
P4 331 .3 338.0 
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Table 20. 
Variation of s with X for m == 4o ' f-mode. 
X .t = .2 .t = j .t = 4 
o.o 1 .000 1 .000 1 .000 
0.0525 1 .008 1 .Ol l l .013 
0.10'25 1 .030 1 .043 1 .048 
o. 1 525 1 .067 1 .095 1 . 107 
0.20'25 1 .120 1 . 170 l .194 
0.2525 l • 190 1 .272 1 .31 O 
0,30'25 1 .280 1 .4o4 1 . 461 
0.3525 1 .392 l .570 1 .655 
O. 40'25 1 .530 1. 779 1 .898 
o.4525 1 .698 2.038 2 .203 
0.50'25 1 . 901 2.359 2.585 
0.5525 2.1118 2.758 3.o66 
0.60'25 2 .445 3 .251 3.664 
0.6525 2 .801 3.853 4,395 
o. 70'25 3.226 4.589 5.293 
o. 7525 3. 736 5.494 6.4o4 
0.80'25 4.348 6.609 7.782 
0.8525 5.o83 7.987 9.496 
o.9ce5 5.968 9.687 l • 163 (+l) 
0.9525 7.0'29 l • 178 (+ 1) l .428(+1) 
1.0 8.2o8 1.427(+1) 1.739(+1) 
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Table 2 1. 
Variation of ~ with X for on = 4o , P1 -mode. 
X .t = 2 .t = 3 .t = 4 
o.o l .000 1 .000 1.000 
0.0525 l .002 1 .007 1 .010 
0.1025 l .008 1 .027 l .036 
o. 1525 l . 014 1 .059 1 .079 
0.2025 1 .021 1 . 102 l . 139 
0.2525 1 .023 1 . 154 l .216 
0.3025 l .016 1 .2 14 1 .3o8 
0.3525 9.906(-l) 1 .276 1 . 413 
o.4025 9.345 (-1) 1 .332 1 .525 
o.4525 8.284(-1) 1 .367 1 .634 
0.5025 6.434(- 1) 1 .360 1. 723 
0.5525 3.347(-l) 1 .273 1. 759 
0.6025 -1 .657 (-1) 1 .o44 1 .686 
0.6525 -9.595(-1) 5. 763 (-1) 1 . 413 
o. 7025 -2. 1 99 -2.837(-1) 7.940(-l) 
o. 7525 -4. 106 -1 .770 -4.047(-l) 
0.8025 
-7.003 -4.24o -2 .544 
0.8525 -1.135(+1) -8.224 -6. 177 
0. 9025 -1 . 781 ( + 1 ) -1 • 451 ( + 1) - 1.2 14(+1) 
0.9525 -2. 731 (+ 1 ) -2 .426(+1) -2. 168 ( + 1) 
1.0 
-4.034(+1) -3.826(+1) -3 .574(+1) 
•• •'""'-' ··=--- ---- --- -
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Table 22. 
Variation of ~ with X for m = l.~o , P -mode. 2 
X .t = 2 .t = 3 .t = 4 
o.o l .000 l .ooo l .000 
0.0525 9.964(-1) l .003 1 .oo6 
0.1025 9,842 (-1) l . 011 l • 023 
0.1525 9.610(-l) l .020 l .049 
0.2025 9.220(-l) 1 .030 1 .o81 
0.2525 8 .602 (-1 ) 1 .033 1 . 117 
0.3025 7.656(-l) 1 • 023 l . 149 
0.3525 6.252(-l) 9.869(-l) l • 169 
o.40'25 4.221 (-1) 9. l 00 (-1) 1 • 162 
o.4525 1 .367 (-1 ) 7.699(-l) 1 • 1·o6 
0~ 5025 -2 .509(-l) 5.386(-l) 9,732 (-1) 
0.5525 -7.541(-1) . 1 .830 (-1) 7.234(-1) 
O. 6025 -1 .362 -3 .265 (-1 ) 3.124(-1) 
0.6525 -2 .001 -9.899(- l) -2.se1 (-1) 
o. 7025 -2 .452 - 1 .725 -1 .070 
o. 7525 -2 .216 -2 .252 -1 .852 
0.8025 -2 .474 (-1) -1 .878 -2. 133 
0.8525 5 .495 9. 107 (- 1) -6. 954(-1) 
0.9025 1 .882 (+1) 9.188 5.o84 
0.9525 4.664 (+ 1) 2 .890(+1) 2 .051 ( +l) 
l .o 9.747(+1) 6.819(+1) 5.334(+1) 
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Table 23, 
Variation of s with X for m = 4o ' P -mode. 
3 
X -t = 2 -t = 3 -t = 4 
o.o 1 .ooo 1 .ooo 1 .000 
0.0525 9.897(-l) 9. 986 (-1) 1 .003 
0.1025 9. 585 (-1 ) 9,925(-1) 1 .009 
o. 1525 9.028 (-1) 9.789(-l) 1 .016 
0.20'25 8. 165 (-1) 9.527 (-1) 1 .019 
0.2525 6. 913 (-1) 9.062(-1) 1 .013 
0.3025 5. 174 (-1) 8.290(-l) 9.871 (-1) 
0.3525 2 .845 (-1) 7, 709(-1) 9.286(-l) 
o.40'25 -1 . 412 (-2) 5 .280 (-1) 8 .208 (-1) 
o.4525 -3 • 754 (-1 ) 2. 757 (-1) 6.444(-1) 
0,50'25 -7.741(-l) -5 .456 (-2) 3.817(-l) 
0.5525 -1 . 1 43 -4. 470(-l) 2 .534 (-2) 
0.6025 
-1 .339 -8.386(-l) -4.001(-l) 
0.6525 -1.1 19 -1 .081 -8. 01 1 (-1 ) 
o. 7ce5 -1 • 453 (-1) -9. 126(-l) -9, 736 (-1) 
0. 7525 l .835 3.560(-3) -5. 932 (-1) 
o.8ce5 4,379 1. 786 6.298(-l) 
0.8525 4.672 3.349 2 .281 
0.9025 -6.586 -2. 931 (-1) 1 .211 
0.9525 -5 .453 (+l) -2 .470 ( +l) -1 ,383 ( + l) 
l .o 
-1 .889(+2) -1 .042 (+2) -6.984(+1) 
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Table 24. 
Variation of g with X form.= 4o, P -mode. 4 
X -t = 2 -t = 3 -t = 4 
0.0 1 .ooo 1 .000 1 .ooo 
0.0525 9.823 (-1) 9. 934 (-1 ) 9.987(-l) 
0.1025 9.299(-·l) 9.726(-1) 9. 931 (-1) 
o. 1525 8.392(-l) 9.338(-l) 9. 798 (-1) 
0.2025 7 .043 (-1 ) 8.708(-l) 9.530(-l) 
0.2525 5.190(-l) 7. 752 (-1) 9.046(-1) 
0.3025 2.787(-l) 6.372(-l) 8 .238(-l) 
0.3525 -1 . 454 (-2) 4.479(-1) 6.981(-l) 
o.4025 -.3. 445 ( -1 ) 2 .0.30 (-1 ) 5. 160 (-1) 
o.4525 -6 .691 (-1) -8.897 (-2) 2. 718 (-1) 
0.5025 -9.065(-l) -3. 946 (-1) -2. 441 (-2) 
O. 5525 -9,228(-1) -6 . .398(-l) -3.316(-l) 
o.6a?5 -5.4.30(-l) -6. 961 (-1 ) -5-579(-1) 
0.6525 .3 • 61 o4 ( - 1 ) -4.0l l (-1) -5. 545 (-1) 
o. 7a?5 l .625 3 .263 (-1) -1.729(~1) 
o. 7525 2.356 l .204 5.433(-l) 
0.8025 5. 987 (-1) l • 189 9. 993 (-1) 
0.8525 -5 .277 -1 .320 -1. 137(-1) 
0.9025 -7.813 -4.616 -2 .803 
0. 9525 4.277(+1) 1.418(+1) 5.743 
l .o 3. 140(+2) 1 .462 (+2) 8. 529 ( +l) 
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Table 25. 
Variation of g with X for m = 4o, g -mode. 
1 
X ,t = 2 ,t = 3 ,t = 4 
o.o 1 .ooo 1 .ooo 1 .ooo 
0.0525 1 .018 1 .017 1 .017 
o. 1025 1 .o67 1 .066 l .065 
o. 1525 1. 153 1 . 1 49 1 . 146 
o.2ce5 l .282 1 .27i. l .268 
0.2525 1 .465 1 .449 l .439 
0.3025 l. 720 1 . 69'2 1 .674 
0.3525 2 .071 2 .ce3 1 .993 
o. 4025 2 .561 2.480 2 .428 
o.4525 3.255 3. 117 3.030 
0.5025 4.263 4.030 3.883 
0.5525 5.785 5.382 5. 129 
0.6025 7.638 6.94o 6.486 
0.6525 8.853 7.780 7.053 
o. 7ce5 8.903 7.540 6.602 
o. 7525 7.780 6.364 5.389 
0.8025 5.768 4.603 3 .802 
0.8525 3.222 2.600 2 . 156 
o. 9025 4. 496 (-1) 6.014(-1) 6.391 (-1) 
o. 9525 -2 .334 -1 .253 -6.676(-l) 
1.0 -4.865 -2 .819 -1 .696 
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Table 26. 
Variation of s with X for m = 4o , g -mode. 
2 
X l=2 t=3 .t=4 
o.o 1.000 l .ooo l ,000 
0.0525 l .018 l .017 l .017 
o. l 025 1 .o68 l .066 1 .o65 
o. 1525 l .156 l . 151 1.148 
0.2025 l .287 l .278 l .271 
0 .2525 1 .474 1 .456 1 .445 
0.3025 l. 734 l. 703 1 .683 
0.3525 2 .093 2 .041 2.oo8 
o.4025 2.594 2.507 2.452 
o.4525 3.305 3. 160 3.067 
0.5025 4.341 4.097 3.942 
0.5525 5,901 5.485 5.220 
0.6025 6.960 6.344 5.944 
0.6525 4.649 4.269 4.026 
o. 7025 -1 • 174 -4.610(-l) 3. 142 (-2) 
0.7525 -7 .891 -5,482 -3,891 
0.8025 -1.242(+1) -8.532 -6.046 
0.8525 -1 .293 ( + l ) -8.609 -5.944 
0.9025 -9,034 -5.865 -3. 961 
o. $525 -1 ,367 -1 .025 -7 .841 (-1) 
l .o 8.498 4.759 2.749 
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Table 27. 
Variation of ~ with X for m. = 4o , g3 -mode. 
X t=2 t=3 t = 4 
o.o l .ooo 1 .ooo 1 .ooo 
0.0525 1.018 1. 017 1 .017 
o. 1 ce5 1.069 1 .067 l .065 
o. 1525 l • 1 56 1. 152 1 . 149 
o.2ce5 1 .288 1 .279 1 .273 
0.2525 1 .476 l .458 1.447 
o.3ce5 l. 737 l. 706 1 .686 
0.3525 2.099 2.046 2 .013 
o.4ce5 .2 ~603 2 .51 5 2.459 
o.4525 3.318 - 3. 173 3.079 
o.5ce5 4.361 4. 117 3 .961 
0.5525 5.927 5. 511 5.246 
o.6ce5 5.872 5 .393 5.089 
0.6525 1.374(-1) 4.871(-1) 7.611 (-1) 
o. 7CJ25 -6.566 -4.890 -3. 724 
o. 7525 -5 .823 -4.412 -3 .446 
o.8ce5 3 .841 2.226 l .261 
0.8525 l • 563 ( + 1 ) 9.772 6.282 
o.9a25 2 .ce1 (+1) 1 .231 ( + 1 ) 7.752 
0.9525 l .077 ( +l) 6.421 3.978 
l.O 
-1 .376 ( + l) -7.523 -4.261 
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Table 28. 
Variation of ~ with X for Y;-1_ = 4o , g -mode. 4 
X -t = 2 t=3 t=4 
o.o 1 .ooo 1 .ooo l .ooo 
0.0525 l .018 l .017 l .017 
0.1025 1 .o69 l .067 1 .o66 
0.1525 l, 157 l . 152 l .149 
0.2025 1 .289 1 .279 l .273 
0.2525 1 .477 1 .459 1 .448 
0.3025 1. 739 l. 708 1 .688 
0.3525 2. l 01 2.048 2 .015 
o.4025 2.606 2.519 2.463 
o.4525 3,324 3 .178 3.o85 
0.5025 4.370 4. 125 3.970 
0.5525 5 .932 5.517 5.253 
0.6025 4.559 4.241 4.052 
0.6525 -3. 41 7 -2. 534 -1 .885 
o. 7025 -5,385 -4.239 -3.433 
o. 7525 4.129 2 .669 l • 731 
0.8025 9.107 6. 165 4.296 
0.8525 -3,8.33 -2 .057 -1 .072 
0.9025 -2 ,4'{9(+1) -1 .46o ( +1) -8.8.39 
0.9525 -2 .548 ( + 1) -1 .461 (+l) -8.652 
1 .o 2 .070(+1) 1.1161(+1) 6.214 
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Chapter 4 Cowling's Perturbation Method. 
Section 4.1 : A First Approximation. 
In this chapter, we shall use a oerturbation method due to 
Cowling [13] to find the eigenvalues for the non-radial adiabatic 
oscillations of a massive star. We shall compare these results with 
those obtained by direct integration of the equations (3.1.6) to 
(3.1.8) in the last chapter. 
In this method we assume that the variations in the density 
do not produce great variations in the gravitational potential in 
the outer regions of the star. These regions have a considerable 
influenee on a • We therefore ignore the perturbation potential 
~· in deriving a first approximation. 
The equation of motion (2.2.4) reduces to 
p I 1 
= - - grad P + - grad P 1 • (4.1.1) 
Pa p 
The problem reduces to solving the system of equations;-
ds 
-+ dx 
(.t+l )~ 
X 
• _! G~m s+{ t (t+l) 
Y ~tx2 w2 
(4. l.2) 
dT) t T) 
- ATJ + ( wEs +~} l (4.1.3) +- = dx X ·,~r' X 
together with the boundary condition 
s -= T) at X -= l 
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Equations (4.1.2) and (4.1.3) are obtained from equations 
(3.1.6) and (3.1. 7) respectively by putting ¢ = 0 . 
This system of equations bas been solved in a similar {l)8nner 
to that of Chapter 3 The eigenvalues w for the mass lOM0 /µ2 , m 
t= 2 are given in the second column of Table 29. A comparison 
of the behaviour of s as x varies for ~· = 0 and ~· f 0 
is illustrated in Fig. 4(a) to (c) for the f 1> and g -modes. 
1 1 
Section 4.2: A Better Approximation. 
We shall use the values of s and ~ obtained above to 
get a better approximation. Let h , 
-m P~ denote values of 
in the equation (4.1.1), i.e. h p I ' corresponding to 
p I 
2 m 1 d P' a h • - -, grad P + - gra 
m-m p P m (4.2.1) 
From (2.2.2) and (2.2.6), 
grad P 1 = - grad (y P div h + h • gradP) . 
m -m -m 
Thus we can write (4.2.1) as 
pcr2 h 
m-m 
1 
= - grad P div (p h ) - grad (r P div -mh p --m 
+ h . grad l>) • 
-1!1 (4.2.3) 
If we subtract this equation multiplied scalarly by ~ from the 
same ~quation ~itten for'~ 
the re~ult over th~ .volume V 
we get, 
and multiplied by h and integrate 
-in 
of the star, dV = i2 sine de dw dr , 
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(cr: -cr:) JV Phm·!kdV 
0 
= JV div [ h (-rP div h + h .grad P)]dV 0 - k -m -m 
-J V div [ !m ( yP div ! k + !k. grad P)] dV 
0 (4.2.4) 
The two integrals on the R.H.S. cancel since P and grad P 
vanish on the surface and we are left with 
m f k . (4.2.5) 
If due to cp ' the corrected solutions become (cr) 
m C ' 
which differ from cr , hm by small quantities, we may 
m -
write 
(b ) 
"" h + 
Ii 
a.b. 
-m C 
-m 1-1 (4.2.6) 
where the a. are small of the first order. 1 
From (2.2.2) and (2.2.6) we have also 
(p~\ p' + ), • I = a.p. ) m 
'--..J i 1 1 
(P') IC p' + ), a.P' 
m C m 
'--..Ji 1 i 
(4.2.7) 
If we introduce these expressions into (2.2.4) we obtain, simplifying 
by (4.2.1) and neglecting second order terms, 
I 
I 
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[( cr )2 - cr2] ph 
m c m -m 
= p grad cp 1 + p \ a . ( ~ - cr2 ) h . L . 1 1 m -1 
1 
(4.2. 8) 
If we take the scalar product of this into h 
-m 
and integrate 
throughout the volume V using (4.2.5), we have 
[ (a )2 _ a2] JV p h • h dV 
m c rn O -m -m 
= JV (p h ) . grad cp I dV 
0 -m 
C: J V di V ( p h cp I ) dV -! V cp I 
0 -m O 
div(Ph ) dV 
-m 
or, since p vanishes on the surface and p~ = - div (P!m) , 
V J p I cp I dV 0 m (cr )2 - a2 
m c m 
(4 .2.9) 
To the same order of approximation, cp1 may be computed in terms 
of R1 by means of its expression as a solution of the Poisson 
m 
equation (2.1.12): 
as 
where 
cp ' = - ~ [r tf oo p 'r1-t dr + o~ J r p~rt +sdr ] 
m 2t +1 r m r -vr-1 0 
(4.2.10) 
Using the transformations (1.1.8), (4.2.9) can be written 
( w ) 2 - iJ3 = N/M m c m (4.2.ll) 
I 
I 
I 
11 
11 
- 69 -
N Jl cp '(x) {.! t:> px2 ( _E:.._ +~ l dp) .. ~ 
0 m Y ~ t iPv t M x2 p dx 0 
u d (t3 ~) } dx 
- - di ~ t 
M C: G1rn.18J 1 { _fil! u2 + .t (t +1) t, p )..2 }dx ~ ' 0 '.t. t x2 G2m2 H2 Rt 
E) m 
cp '(x) 4 nG {x.t J 00 p~ (x)x1- t dx = 
-m (2.t+1) X Jx -1- I +2 + x .t Pm(x)xt dx} 
' 0 
p~(x) i3MeP (~ u 1 dp) u d (f3~)Ma -= - +---
---Yt ~ ~tM8 x2 p dx ~ dx t 
u "" ~x.t+1 
The corrected values wc calculated f rom (4 .2.11) are given 
in column 4 of Table 2~. The third column in Table 29 lists the 
corresponding values we obtained by direct integration i n the 
pr evious chapter and column 5 g ives a comparison between them. 
It is seen from the table 29 that Cowling 's methsd g i ves good 
approximations to the correct eigenvalues, except for the fundamenta l 
mode and the first P-mode of oscillation. This is due to the f act 
that, for these two modes, the corresponding eigenfucctions differ by 
a fairly large amount as shown i n Figs 4(a) and (b). 
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For higher modes of oscillation the Cowling method gives 
the various eigenvalues to a high degree of accuracy, in particular 
the case of the g-modes. 
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Table 29. 
Comparison between exact and corrected eigenvalues for 
various modes of non-radial oscillation of a star of 
mass l OM /µ2 , -t = 2 . 0 w -w 
Mode C e X 100 w w w m e C w 
e 
f 2 .6120 2.2530 2.3610 4.793 
pl 3 .8847 3.6017 3.6464 l .243 
p2 5 .1481 4.8667 4. 9039 0.766 
P3 6.391 1 6. 1141 6. 1448 0.502 
P4 7 .621 7 7.3547 7 .3784 0.323 
gl 0. 781 1 0.7759 0.7767 0.098 
~ 0.5009 o.4998 o.4999 0.019 
g3 0.3708 0.3704 0.3704 0.006 
g4 0.2952 0.2950 0.2950 0.003 
? 
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Chapter 5 ; On a Variational Principle f or the Non-radial 
Adiabatic Oscillations of Massive Stars. 
Section 5.1 : A Variational Principle, 
We shall now consider a variational princi~le for non-radial 
adiabatic oscillations of massive stars due to Chandrasekhar [14]. 
Let us distinguish the proper values corresponding to a 
particular characteristic frequency a= ak by the subscrint k . 
Then {2.2.4) gives 
cr 2 h k - k ,:: --
1 grad P + - grad P' + grad cp
1
~ p k ,. (5.1.1) 
We let _!!i correspond to the eigenvalue a . and then 
1 
proceeding as in Section 4.2, we have 
(cr2 - a~ )j V p hl(. ,b. dr 
k 1 0 - -1 -
"" JV div[ hk(yP divb·. + h .. grad P ) ] dr 
0 - -1 -1 -
- } ' V div [ h. (yP div h + bk.grad P)] dr 
0 -1 - k - -
+JV p (grad cp 1 • h. - grad cp ~ .h )dr (5.1.2) 
-1 1 -k -0 
Here we use J ~ dr to denote integration over the volume of the 
fluid instead of f6 dV as in the previous chapter. 
The first two terms on the R.H.S. of (5.1.2) vanish as in 
I 
I 
I Ii 
I 
I 
I 
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Section 4 .2. The third can be written as 
since p vanishes on the surface. Using Poisson's equation 
(2.1.12) and Green's theorem, this becomes 
_!_ ff (cp I dcp i - cp ! d(pk)dS 
4rrG, k dn 1 d n 
which cancels according to the boundary condition (2. 5 .2). Thus 
the orthogonality condition 
0 i f k (5 , 1.3) 
holds. 
If we multiply (5.1.1) by p~k and integrate over the v olume 
V occupied by the fluid, we obtain 
P dr 
(5.1.4) 
Integrating by parts the first and the last of the three 
integrals on the R.H.S. of equation (5.1.4), and remembering that 
P 1 and p vanish on the boundary of V, we obtain 
a 2 JV p bk. h dr 
k O - -k: 
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c: - JV P~ div 2tc d.!: 
0 
JV p ' - ...! bk.grad~ dr 0 p - - -
-JV cp1: div p !l{ d_!: • 0 -
Now substituting for Pk and p~ fro~ (2.2.2) and (2.2.6), we have 
1JV P!k,~k d_!: 
0 
-Jov [_!!k .grad p + yl\iiv_!!k]div .!!k dr 
JV l + 0 [; _!!k. grad p + div ! k]_!!k . grad P dr 
+JV p , cp , dr 
O k k -
(5.1.5) 
Now since cp ' is a solution of Poisson's equation (2.1.12) 
k 
we can write 
:Equation (5.1.5) can then be written as 
- 78 -
= JV [ yP(div h )2 + 2(h . grad P )div h] dr 
0 -
JV 1 + p (!.grad p)(!. grad P)dr 0 
- G JV JV \div P!)r (div P!)r 'dr dr, 
0 0 I , I r - r 
- -
where we have dropped the subscript k . 
(5.1. 7) 
Equation (5. I. 7) provides a variational base for determining 
the characteristic frequencies. 
given in Chandrasekhar [ 14] . 
A direct proof of this is · 
Section 5.2 The Form of the Variational Principle f or the normal 
modes belonging to the Dif f erent Snberical Harmonics. 
Writing ~ = ( hr , he , h'V ) , we clUl elq)ress hr, he , h~, , in 
the following forms, by virtue of (2.2.5), 
hr c:: s ~~ ) ~ ( e , ~, ) 
he 
1 dQ(r) cYi (e ,~r) (5.2.1) IC 
-e,(t+l)r dr ae 
l dQ (r) c~(e ,\V ) h a:: 
'V t (4 1)rsin8 dr d'V 
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where S (r) = u , 
dQ{r) t (.t+1)(y+~') 
= 
dr If' 
= t (t+l)(\+s ) 
a2 R,4µ 2 
(5.2.2) 
Here u, y, A, ~ are functions of r only, as defined in Chapter 
3. 
and 
where 
For ! given by equations ~.2.1 ) 
!.grad P = h ~ 
r dr 
= s(r) dP ~ 
~a"; t 
h.grad p 
div h = l_ -t- ( S - 0 )~ 
r2 ar · t 
p 1 (r) = 1-[ ~ (pS) - P ~ ] 
r 2 dr dr 
= ~ [p .!.. (s - Q) + s ~dd J 
I"" dr r 
Also, when averaged over a unit sphere, 
f 2:rrf n I! 12 sin edemv 0 0 
1 
= t (.t +l) 
where 
(5.2.3) 
(5.2,5) 
(5.2.6) 
(5.2.1) 
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(-t +j ml ) .' 
(-t-1 ml ) ! (5.2.8) 
Making use of the above results, we find that, for b of 
the chosen f orm, equation (5.1.7) becomes 
J R li?. 02 p[~ + 1 (dQ )2] dr , 0 r -t (-t+l) dr 
= JR yP[L(s - o ) Jli?.~ 
dr • r 0 
J R dP d · S2 dP dp + [ 2 - s -a (s - Q) + - - - Ji! o dr r p dr dr r 2 
- NGY1 . JOVJOV p , (! )p , (! , ) dr dr , 
{, 1.!: - .!: ' I (5.2. 9) 
Since we can express p (r) as a product of a radial function and 
a spherical harmonic (Cf. equation (5.2.5)), the last term on the 
right hand side of equation (5.2.9) can be reduce4, in the usual 
manner, by expanding 1.!: - .!'I in spherical harmonics and 
carrying out the integrations over t he angles. We thus find . 
J VJ V p t (r ) p • (r,) = - G dr dr 1 0 0 I.! - .! 1 j 
4rrGNt JR 
= - dr rli?.p 1 (r) x 
(2-t+l) 0 
.!!!_ p' (s) ] 
8 t -1 
(5.2. 10) 
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The two double integrals over r and s which occur in this 
expression can be shown to be equal. After some lengthy 
calculations, equation (5.2.10) can be reduced to the form 
52 W = - 4rrG~ JR dr r 2 t[JR dt:, p'(s)] 2 
0 r s (5 .2. 11 ) 
With this reduction of the last term of equation (5.2.9) we can 
write 
= f R yP[dd (S - Q) ]2~ , 0 r r 
f R 1 dP d dP S dQ] dr + 0 [p dr dr (pS2 ) - 2 dr dr r 2 
- 4rrGJR dr r 2 .{. [JR ~p'(s)] 2 
0 
.{..... 1 
r s ' 
(5 .2. 12) 
where it may be recalled that 
p I (r) l d dQ = -; [dr (pS) - P dr] 
r 
(5 .2 • 13) 
The variational principle requires that a2- determined by 
equation (5.2.12) be stationary with r espect to simultaneous variations 
in S and Q. In other words , the variations to be effected are 
not only with respect to the chosen forms of S and Q but also 
with respect to their relative amplitudes. The latter variation, 
with respect to the amplitudes, can be effected independently of the 
forms. Thus writing AS and IQ in place of S and Q in 
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equation (5.2.12) we find that the requirement that cr2- be 
stationary with respect to variations in A and B (for fixed 
8 and Q) leads to the characteristic equation 
-a2 JR p82 
0 
dr +JR [ yP(d8)2 + 2._ dP ~ 
r 2 0 dr p dr dr 
JR JR d d - 4nG dr r 2 t [ ~ - (pS) ]2 0 t+1 ds r s 
_ J R ( p d 8 .s!S_ + dP S dQ) dr 
0 y dr dr dr dr r 2 
(pS2)]dr 
r2 
r R JR d d 
+ 4-rrG Jo dr r2t [ ( -h, ds JR ds dQ ( pS ) ) ( -:r+i"° P ds ) ] r s r s 
-JR ( ~p dS dQ + ~ S dQ )~ 
0 ) dr dr dr dr r2 
JR t.. JR d d JR d dQ +4n:G drr2L( -kde (pS))( 1+1 pds)] 0 r s r s 
a2 JR dQ) 2 JR dQ)2 dr 
- t(t+l) 0 p(dr dr + 0 yP(dr r2 
4 JR 2t [ / ds dQ] 2 - nG dr r -i:+, p ds 0 r s 
::: 0 (5 .2. 14) 
Cowling's [13] approximation considered in Chapter 4, of 
neglecting the variation of the gravitational potential during the 
oscillations is equivalent to suppressing the last term (o2W) in 
equation (5.2.9) ; and when this term is sup~ressed, equation (5.2. 14) 
becomes 
- a, -
cr2JR pS2 dr 
0 r 2 
-J R ( yP dS dQ + dP S dQ ) dr 
0 dr dr dr dr . 2 r 
-J R ( p dS dQ + dP S dQ) dr 
0 y dr dr dr dr r2 
JR yP tQ)2 dr - cr2 rR p 0 dr r 2 t ( t+ l ) v 0 
= 0 • 
Section 5.3 : Verification of the Variational Principle. 
(5 .2. 15) 
Chandrasekhar [14] seems to suggest that the two values of 
a2 satisfying the quadratic equation (5. 2 . 14) give eigenvalues for 
the corresponding p and g modes of Chapter 3. We shall check 
this for the case ~' = 0, using the results of Chapter 4. 
Using the transformations (l. 1 .8) and substituting from 
(5.2.2), we can write equation (5.2. 15) 
A - ifC -D 
= 0 
-D (5.3.1) 
where 
if = 
I 
I 
I 
i 
I 
I 
I 
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A = J 1 YP (du)2dx +f 1 i ~ !__ ( @_g u2 )dx 
0 dx x2 0 /Jp dx dx t x2 
C = G 017 f l ~ u2 dx 
·IR, 
0 t x2 
D =fl ( - du + dp "') dx yp dx "' dx LU\, 
0 x2 
f l - 2 dx E = yp11. -0 x2 
F = G rr?. l t3 p 11.2 dx J l -T t(t+1) 0 t 
We now make use of the values of u = sxt+i and 11. = G&Y.Z M xt 
0 
which we obtained in Chapter 4. We substitute these values for 
a particular mode in the integrals A, C, D, E and F, evaluate 
them and solve the equation (5.3.1) for the two values of if 
which we denote by w2 
l 
and 
of the modes of Chapter 4. 
if . 
2 
We have done this for seven 
The results are given in Table 30. As expected, one of the 
two values w1 corresponds to the original w (Cf. Table 29, 
column 2) for which we have the functions u and "' . The 
differences are due to slight inaccuracies in the integrations. The 
second value 
for any mode. 
w 
2 
however does not correspond to the value of omega 
We therefore are of the opinion that only one of the 
- 8 5 -
two values of a2 satisfying equation (5.2. 15) corresponds to 
a mode of oscillation and that the other root is spurious. The 
same can be said for equation (5.2. 14). 
f 
pl 
p2 
p3 
gl 
&.2 
g3 
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Table 30, 
Values of w for ~ = 10, t = 2 obtained from (5.3.1) 
using eigenfunctions obtained in Chapter 4, 
w, w 2 
2.6169 4.14o3 
3. 9091 4. 5741 
5 .2036 5 .4639 
6 ,3941 6.4929 
o. 7791 4.77o6 
o.4996 6.7676 
0.3697 8.6967 
- 87 -
Chapter 6 Vibrational Stability. 
Section 6.1 : The Coeffic i ent of Vi brational Stability. 
We shall let the subscript n denote values corresponding 
to a= a in the case of adiabatic oscillations. 
n 
(2 .2 .4), we have 
a2h 
n-n = 
p' 
n 1 grad~, - ~ grad P + - grad P' 
n P2 p n 
Then from 
(6.1.1) 
We now consider non-adiabatic oscillations. If in equation 
(2.1 .9), we assume that the term on the R.H.S. is the product of 
a function of position r only and iat e 
expansions in Section 2.2, we have 
P' + 5r ~ ~ (p I + 5r ::) 
then making use of the 
l div F}' 
p -
(6.1.2) 
where the time factor has been dropped and all values are functions 
of position only. 
As in Chapter 4, if (a) denotes the value of a in the 
n na 
corresponding non-adiabatic oscillation we write 
(~)na = h + ) a.h. (6. 1 .3) 
-n 
.. i 1-1 
where a. are small of the first order. 
l 
From (2.2.2) and the Poisson equation (2.1 .12), we have 
II 
II 
I' 
I 
I 
I 
I 
I 
I 
(p~) na = p' + n 
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) 
'--' i 
a.p ! 
J. 1 
From (6.1 .2), we may write 
= P' + ) a.P'. 
n ., i ii 
+ ~~ (€ - ~ div f} 1 
Then (2.2.4) gives 
( a ) 2 (h + ) a . h . ) 
n na -n . , . i - i 
J. 
= grad (q/ + \ a.cp·!) 
n / .. ii 
- J. 
(p ' + \ a . p ! ) grad P 
p2 n L i J. J. 
(6.1 .4) 
(6.1.5) 
, r {.::e_ , 
+ - grad (P' + a.P! +. (€ - - div _F}') P n J. J. ia p 
_, i 
This becomes 
((a )2 - a2)h + a2 \ a .h. 
n na n -n n L i i-1 
= \ a . grad cp ! - ]_ \ a . p ! grad P 
;_,. i i 2 L. 11 
1 p J. 
l 
+-p ). ai grad P1 + ~ grad ~ (t - } div f} ') 
_, i 
1, 
I, 
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where we have made use of (6.1 .1) and neglected second order terms. 
This can also be written 
= p \ a.(c?.-a2)h1 L i :i. :i. n-
+grad(~(€ - .!. div F}') 
HJ p -
(6.1.6) 
-Multiplying (6.1 .6) vectorially by ph and integrating over the 
-n 
whole star, we have 
[ (a )2 - a21Jv ph ,h dV 
nna n -n-n 0 
= JV h .grad ~P (€ - -P1 div]:}') dV 0 -n ).(1 (6.1.7) 
where we have used equation (5.1.3). 
Integrating by parts and noting that p vanishes on the 
surface, we have 
[ (crn)~a -a2]Jv 
n 0 
ph ,h dV 
-n -n 
JV , 
- .!_ div F}' = - ~ (€ div h dV 0 J.0 p - -n 
Putting ( a ) = a + ia" we get 
nna n n' 
a" = 
n 
JV0S. p(€ - .!_ div F} 'div h dV p - --n 
2a2 
n 
~ 
V J0 ph ,h dV --n -n 
where we have ignored t imaginary partff. ~ 
(6. l .8) 
(6.1.9) 
0 11 as given by (6.1 .9) is the coefficient of vibrational 
n 
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stability. A positive value of a; indicates stabili ty of the 
oscillation and a negat ive value indicates instability. 
Section 6.2 : Reduction of the Coefficient of Vibrational Stability. 
In this section we make use of an analysis due to Simon [4] 
Since f}, = r - 1 (Cf. 2. 1. 7), we can write (6.1. 9) in the form 
3 
a" = 
- 1)6(p€ - div!}div ~ dV 
(6.2.1) 
where the 6 symbol denotes Eulerian variation and the subscript 
n has been dropped. 
We note that the Eulerian variations of the density, rate of 
generation of energy and radiative flux, which figure in (6.2.1) 
are to be calculated from the adiabatic oscillation (~,a) . 
We have from equations (2.2.2), (2.2.6) and (2.2.7) 
p' = -divp~ 
= - p div h - h. grad p 
P' = - yP div~ - ~.grad P 
T' = - ( r - l)T div h ~.grad T 
3 
We have also at equilibrium 
(6.2.2) 
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div F = p € (6.2.3) 
and 
L = J J f,de_ = J div f dV r 
= J p€ dV = 4:rrr2F (6.2.4) 
where F is the radial component of the flux, the surface 
integral is taken over the surface of a sphere of radius r and 
the volume integrals over the volume of fluid enclosed by this 
sphere. 
We have also the fundamental equat ion of radiat i ve equilibrium 
F = 4a.c T3 
- -~- - grad T )K P (6.2 .5) 
We assume, following Boury [15], that the loss of energy is due 
mainly to radiation and effects of convection may be neglected. 
We also assume that the coef f i c i ent of opacity K is a constant. 
Equation (6.2.5) remains vali d during the course of oscillations. 
Using (6.2.5) and linearising, we have 
M' 
F = 
dT -, T' I F (dr) grad T' + (3- - e..:..)-= T p F 
In spherical polar co-ordi nates we can write 
h = 
o~ ot:1 (ar(r)~ X(r) .t . X(r) ,l ) 
.t ' ra2 de ' cr2rsin e ~ 
(6.2.6) 
, 
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where P ' X IC cp I + ..;;._ 
p 
by virtue of (2.3.6), (2.3.7) and (2.3.8) , 
where 
where 
Then, from (2.3.10) 
div h IC U ym 
-t 
u IC .!_ ~ - -t( -t+l) x(r) 
r:a dr ~ re ' 
u = r2 or(r) as in Chapter 
We write, using (6.2.2) 
p I IC p I (r)~ 
T ' c T 1 ( r )r1 
-t 
p 1 (r) .. p - or(r) :~ 
T '(r) a: T - or(r) !! 
dr 
P • - pU , 
T - - ( r - 1 )ur . 
3 
3. 
(6 .2. 8) 
(6 ,2.10) 
(6.2.11) 
(6 .2.12) 
Instead of evaluating the Eulerian variation of (p€ - div f) 
we shall calculate the Lagrangian variation, The two quantities 
are the same since the value of (pE - div f) is zero at equilibrium. 
This makes the calculation easier, If we denote by 5 the 
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symbol of the Lagragian variation, we have 
where 
o(pE - div£:) 
; o (pE) - div bi' - or(r~(div F)Y"'!1 
- dr - 'I., 
From (6.2.6) and (6.2,4), we have 
d . F d. { Lr (dT )-1 d T, 1v 6. ; 1v - - gra 
4rr r2 dr 
Lr T 1 1 P 
+ div {- (3 --L) =- J 
4:Jrr2 T p F 
After some lengthy calculations, we get 
div 6._! c: W ~ 
4 nr2 W = !r (LrH) 
H "" 
- ,t(,t+l )Lr (T (~)-1 - or(r)} 
rs r 
dT (~)-1 + 3 rr _ £ 
dr dr 'T' p 
_ 2.... or(r) + 2or(r) _ or(r) dLr 
dr r Lr dr 
(6.2.13) 
(6.2.14) 
(6.2,15) 
(6.2.16) 
We shall show in Section 6.4 that OE can be written as 
Then 
since op • p~ .(rom (6 .2. 9). 
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From (6.2.16) and (6.2.13), we can drop out the factor 
12 nf n !112 O O y-t sine de d'if (6.2.11) 
which occurs in both the denominator and numerator of (6.2.1). 
Hence we can write (6.2.1) in the form 
Q" II = _.!:__ (L + A ) /I 2cr2 --!<' € 
where 
JR x(r)2 I = {5r(r)2 + t (-t + 1) cr2r2 }pr2 dr 0 
JR d AF "" - (r 3 - 1 )upv + or(r )rr (div ,!)Jr2dr 0 
We shall show in the next section that ~ and I can 
be calculated from the results obtained in Chapter 3. AF 
is essentially positive and is the stabilising term. We shall 
discuss the calculation of A€ in Section 6.4. 
Section 6_3: Transformation of the Coefficient of Vibrational 
Stability. 
Using the transformations (1.1.8), we can write 
cr" • 1 1 (A , + A , ) • _!__ V, 
iii' 2crsr' F € 2ns 
0 
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where v' -= 
(6.3.1) 
A; ~ .i'al (r 3 - 1)(-U(x)~[L(x)H(x))dx (6.3.2) 
Jl t3p + (r - 1)(-U(x))~ (::- €)dx 0 3 ax t 
+f 1 --t(.t+l)L(x) (r
3 
- 1)(- u(x)) x 
0 x2 
X [T(x) (dt)-1 - ~] dx , 
dx ~ 
U(x) :::: R3 U , 
T(x) -= - (r3 - l)t u(x) 
L(x) 
-= lx Ji €~dx 
0 l 
Jl - ( ) 0 ( r 3 - l)U(x) ~ • (-U(x) + 6\x )x2dx A I "" € 
(6.3.3) 
The integrals A' and I 1 can now be evaluated by 
F 
using the results of Chapter 3. Tables 31 and 32 give 
the values of U(x) , T(x) and H(x) for the stars of mass 
'(() .. 250 and 400 , f- mode. 
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Table 31. 
Values of U(x) , T(x) , H(x) for 'rl':2 = 250 , f-mode . 
X U(x) rr(x) H(x) 
o. 1 ce5 1 . 70 (-1) 
-5 .88 (-2) -8.36(-l) 
o.2ce5 7.07(-1) -2. 45 (-1 ) 
-4.56(-1) 
O .3025 1.76 -6. 11 ( -1 ) 3 .52 (- 1) 
O. 4025 3 .62 -1 .26 8.48(-1) 
0,50'25 6.74 
-2 .34 -7 .26 (-2) 
0.6025 1.19(+1) 
-4. 13 
-2 .58 
O. 7CJ2.5 2.02(+1) 
-7.06 
-7.88 
o.8o25 3.40(+1) 
-1 . . 1 9 ( + 1 ) 
- 1 .87(+1) 
0.9025 5.60(+1) - 1 .96(+1) -4.03 (+1) 
l .o 8.99(+1) -3 .22 (+1) 
-8.09( +1) 
Table 32, 
Values of U(x) , ±(x) , H(x) for -r.1 = 400 , f-mode. 
X U(x) ±(x) H(x) 
o. l 025 1.88(-1) 
-6.45 (-2) -8. 1 O (-1) 
0.2CJ2.5 7.87(-l) -2. 70 (-1) -4.49(-l) 
0.3CJ2.5 1.98 -6 .81 (-1) 3.67(-l) 
o.4025 4. 11 
-1 .41 8.66(-1) 
o.5ce5 7,75 -2 ,67 -1.86(-1) 
0.6025 1.38(+1) 
-4.76 
-3 .03 
o. 7025 2 .38 (+1) -8.20 -9.14 
o.8CJ2.5 4.02(+1) 
- 1.39(+1) -2. 18 ( +1) 
o. 9025 6.70(+1) 
-2 .31 ( + l) -4.76(+1) 
1.0 1 .09(+2) 
-3. 76 (+l) -9.69(+1) 
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Section 6.4: Variation of the Energy generation. 
In this section, we shall discuss the forms of E and 5 E . 
The energy 6 is generated by nuclear reactions. Since we are 
considering massive stars initially composed of pure hydrogen, 
the nuclear reactions involved are the reactions of the proton-
proton chain and the carbon cycle. 
use without proof. 
We state the formulae we shall 
We use the following notations for the reaction of a 
particle i with a particle j :-
T,. lJ (6.4.l) 
where Zi , Zj are the charges on the particles i and j 
respectively, 
where s .. lJ 
M .. is the reduced mass in atomic mass units, lJ 
T the absolute temperature in ld> units. 
6 
K .. lJ 
in 
= 4•34 X 105 S .. lJ 
( ) -1 a X M1, J. Z • Z • T .• 1 J lJ 
-T . . { X 1 
e lJ 
X .! 
a 
i f j 
i C j 
(6.4.2) 
keV :..barns is the cross-section factor of the 
reaction defin~d by Caughlsn and Fowler [ 16] . 
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We denote the mean life-time of the nucleus j with respect 
to the nucleus i by :;:i (j) . We have 
i=. (j) 1 I:: 
l Xi (6 .4.3) 
n• J K··PT lJ i 
where n. 
J 
(i,j) ' x. 
1 
is the number of nuclei j occurring in the reaction 
is the relative abundance by weight of the element 
i and A. 
l is the atomic number of the particle i . 
For radioactive disintegrations of elements we have 
the mean life-time 
;: {k) = (6 .4.4) 
where Ak is the radioactive constant of the element k. 
(1) The proton-proton chain. 
At the high temperatures we are considering, the 
proton-proton chain presents itself under two aspects as 
shown in Table 33 and the cross-section factors s .. lJ for 
these reactions are given in Table 34. 
figures are taken from Reeves (17]. 
For the latter the 
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Table 33. 
Reactions of the proton-proton chain. 
REACTIONS 
-> rf! + + /3 + V 
-> He3 + y 
He3 + He3 -> He 4 + 2H1 
He3 + He 4 -> Be 7 + r 
Be 7 + H 1 -> Ba + y 
B8 -> Be8 *+ f3+ + V 
-> 2He 4 
ENERGY LIBERATED in 
MeV - Q .. (or Q_) J.J ~k 
i- l~ 19-J X 2 
i I 
! 5 ,49 ) X 2 
' ' 
--- -
12.85 
26.21 
(2 % loss by 
neutrinos) 
o. 14 
7.7 
3.0 
1 9. l 
(29% loss by 
neutrinos) 
8 .. 
J.J 
(in keV - barns) 
-
or T 
834 
871 
i=(B8 ) = 0.5 sec. 
T(Be8*) = 10-21 sec. 
sl 1 = 
s12 = 
833 = 
"834 = 
871 = 
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Table 34. 
S .. for the proton-proton chain. l.J 
3.36 X 10-22 (1 + 0.0123 T~/3 + 0.0078 'J!_/3 6 + 0.000673 T6 } 
2.5 X 10-4 (1 + 0.0112 1 /s T6 + 0.0312 ~/3 + 0.00245 T6 } 
1 .2 X l 03 ( 1 + 0.00339 T~/3 } 
4.7 X l 0-l ( 1 1 /s ,t;_/s + 0.00325 T6 - 0.00215 6 - 0.000049 T6 } 
I 
2 X 1.0-2 ( 1 4o6 ,.,s} + 0.00 T6 
I 
I 
I 
I 
I 
I 
I 
I 
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Following Boury [15], we use the formula 
EPP = 6. 03 X 1 if3 K, l p ~ 1 
X 13.11 \j,(a:) X 1 •59 ergs sec- 1 g- 1 
106 
(6.4.5) 
where ~1 :=: 1 , the relative abundance by weight of hydrogen and 
1 
'V (a:) = 1 + o.4570:[ (1 + 2/0:) 2 - 1J , (6.4.6) 
a: = 
S
2 
X 4 / 
34 ( He. )2 ( -1 3) 
r.;-- ex-_p -100 T6 S11 833 '+XH1 , (6.4. 7) 
X_ 4 is the r•::lative abundance by weight of helium. 
-lie 
~e4 is 
obtained by interpolating from those obtained by A. Boury [15] and 
Van der Borght [8]. 
given in Table 37. 
The values of ~e4 for the IJOdels used are 
For the variation of the energy with oscillation, i.e. 
6~ , we use the formula derived by Ledoux [3] ; pp 
Be pp = 6.03 X 10
23 K
11
p~1 X Q X l .59 
106 Q,, -tQ,2 Q34 q, 1 - ~4 
X (q + q + - [q + ---....---- ] Q , 1 Q 3 4 1 + ( 4cr )2 
+ 
K34P~e4 
Q 
~4-ql 7 
X [q +-----
17 l+(K ~- )2 
1 ~-li l 
ql 1 - q34 
+ 1 +( 4cr ,2 
K pXH 4 1 34 e 
X 
4cr2 
l - K K p 2 JC .t.X... 1 34 , 7 -lie ·-li 
1 + ( CJ )2 
K17p~1 
]) 
(6.4.8) 
I 
I! 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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where 
Q = l Q .. +) l.J /_J '\ = 19.1 MeV 
Q + Q = o.3497Q 11 12 
q = ~ p 
BK .. 
= l.J 
qij T.--:-
v .. = l.J 
1.J 
1 
3- (-r .. - 2) l.J 
(6.4.9) 
Since op=p~ , BT= r.hf from (6.2.9) and (6.2.10), 
it is clear from (6.4.8) that we can write 
0€ = 5€ (r)r;1 pp pp 1., 
0€ (x) (= We€ (r)) 
PP PP is obtained by writing 
T(x) for op and 5T in (6.4.8). 
€ and 
PP 
(6.4.10) 
(- pU(x)) and 
0€ (x) for the stars pp 
~1 = 250 and 400, fundame~:tal mode, are given in Table 42. 
(2) The cycle of carbon. 
The reactions of the carbon cycle are given in Table 35. 
Following Boury [15], we shall neglect the branch 
(N15 ---> 016 ---> F; 7 ---> G17 ---> N14) as this is much less probable 
1, 
11 
I 
I 
I 
1....1111 
I 
I 
i 
I 
I 
I 
I 
I 
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than the branch containing the reaction N15 ~> c12 • 
On Table 36 we give the formulae for the 
figures from Reeves [17]. 
S. . using 
J.J 
1, 
I , I 
' 
j 
I 
' 
I 
I 
I 
i 
; 
I 
I 
' 
' 
' 
Reactions 
REACTIONS 
c12 + Hi -> N1s + y 
N1s 
-> c,s + + ~ + V 
cis + Hl -> N, 4 + y 
Nl 4 + Hi 
-> 015 + y 
015 
-> N15 + /3+ + \J 
Nl5 + Hl -> c12 + He 4 
N1s + H 1 
->o,4+r 
014 
-> Nl4 + p+ + V 
Nl5 + H1 
-> 016 + y 
016 + H, 
->F,7+y 
Fl7 
-> o·7 + /3+ + V 
017 + Hl -> Nl 4 + He4 
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Table 35. 
of the carbon cycle. 
ENERGY LIBERATED 
in MeV - Qij 
(or~) 
1.95 
1.50 
7 .54 
7.35 
1.73 
4.96 
25 .03 
(6% loss by 
neutrinos) 
"'4.66 
-5.1 
9.76 
12. 11 
0.59 
1.76 
l .20 
15 .66 
s .. ].J 
(in keV-barra·) 
-or T 
Sc12 l 
' 
T/3(N13 ) = 870 sec. 
SC 1 s, l 
SN1 4, l 
T(015) = 180 sec. 
SN15' 1 (->C12) 
sN,s, 1 "'l(very 
uncertain) 
T(014) = lo8 sec. 
SN l 5, 1 (->O 16) 
816, 1 
T(F17) = 1 .6 min. 
I 
I 
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Table 36. 
S . . for the carbon cycle . lJ 
Sc12,1 = 1 .20 (1 + 3.04 X ,o-3T6/3 + 1 .90 X 10-2~/3 + 4.05 X 10-4T6} 
SC13,H1 = 5.52 (1 + 3.04 X 10-3T6/s + 1 .38 X l0-2T~/s + 2.94 X l0-4T6} 
4 s , /3 4 -3 2/s s SN14,Hl = 3.12 (1 + 2.7 X 10- T6 - 3.7 X 10 T6 - 7.17 X 10- T6} 
SN1s,H1 (---> C12 ) = 5.34 X 104 (1 + 2.73 X ,o-3 T6/s 
+ 6.74 X 10-2~/s + l .29 X 10-3T6} 
s (---> 016) = N1s,H1 2,74 X 101 (1 + 2.73 X l0-3T6/
3 
+ 2.97 X 10-2 ~/3 + 5.69 X 10-4T6) 
! 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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The energy generated by the carbon cycle is given by the 
formula 
Q -1 -1 
€CN ~ CN X rCN ergs g sec 
where the number of reactions per sec. rCN is given by 
= 6.03 x 1 if3XcN 
12 
(6.4.11) 
108y + 870 + TH1 (c13) 
/( y+l +TH,(c12) +TH1(N14) 
- ( 15) - ( 15) + T~ 0 + THl N } , (6.4.12) 
XCN is the relative abundance by weight of the total amount of 
carbon present and recovered under the forms of various isotopes in 
the cycle, 
y = T 1 (Nl 3) ' 
H 
[4.13 X 10-5 X ~ + r1- X 4.01 X 10-5 ) 
+y +y (6.4.13) 
We obtain the values of XCN by interpolating from those obtained by 
A. Boury [15) and Van der .Borght [8]. 
Table 37. 
These values are given in 
Using the expressions for € (=€pp+ ECN) given by 
(6.4.5) and (6.4.1 1), 'i'Te have calculated from (1 .2.2) the radii and 
central temperatures of the models used. These are given· in 
Table 37 together with the central values of Epp and €CN . 
·, 
I 
I 
I 
J 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
- l 0.7 -
Table 37. 
More properties of the models used. 
m 10 80 250 400 
T 1.34(+8) 2.42(+ 8) 2. 78 (+ 8) 2. 93 ( + 8) C 
R/R 
0 
2.00 4.36 7.57 9.46 
XCN 1.33(-13) 6.49(-12) l • 03 ( - 11 ) 1.12(-11) 
XHe4 6.13(- 3) 1 .05 (- 3) 1.54(- 4) 6.68(- 4) 
(€pp) C 2.98(+ 4) 7.41 (+ 4) 6.66 (+ 4) 6.34(+ 4) 
(€CN)C 2 .49(+ 2) 4.5.5(+ 4) 7.30(+ 4) 7.98(+ 4) 
To obtain O€CN, we require the variation of the 
abundances of the elements in the carbon cycle. If Xi denotes 
the abundance of the nucleus i (e.g. ~1 = x1 , ~e4 = X4) , 
then the equations expressing the evolution of the abundance of 
each element are for the carbon cycle:-
dXC12 
P~1XC12 
4 
pXH1~1s (6.4.14) = 
-112,1 +5K15,1 dt 
d~13 13 
P~1XC12 - ~13~13 - ~13,l P~1~13 = 12 Kl2, 1 dt 
(6.4. 15) 
(6.4. 16) 
I 
j 
I 
I 
I 
-
- 10 8 -
dX014 14 
- "'1 4XO 1 4 (6.4. 17) dt = f3 ~13, l P1S-r1~13 
d~14 14 
= 13Ke13, 1 P1S-r1Xc13 - Kl4,l P1S-r1~14 dt 
+ "'14X014 (6.4.18) 
dX01s 15 
- "'15Xo1s (6.4.19) dt = l4 K, 4, l P~l~l 4 
d~15 
"', 5x01s - K15 ,l P~1~15 (6.4.20) dt = 
where 
"'14 = i=(o14) 
, 
"'15 
l 
= 
;: (01 s) 
We assume that at each point of the star, the abundances are not 
very different from the corresponding values at equilibrium. 
Hence the abundances are obtained from (6.4.14) to (6.4 •. 19) by 
annulling their first member. We get 
~13 = 
l 3K12 l. l p~ 1 Xe 12 
12{A.13+~13,lp~1) 
X014 = 
7~13 z. l P
2
~1 K, 2 z. 1 Xe 12 
6"'14{"'13+~1s,1P1S-r1) (6.4.21) 
xe13 = 
13"'13K12 .! 1 Xe12 
12Ke 13, l ("'l3 +~ 1 s, l p~ 1 ) 
I 
I 
• 
' 
I 
--
- l 09 -
5Kl2 l XC12 
~15 = ' . 4
~5, 1 
xo,s = 
5~ 2 , l pXC121SI1 (6. 4.21) 4;\.15 cont. 
~14 = 
7~2, l XC12 
6K, 4 1 
' 
These abundances relative to Xc12 are given in Tables 38 and 39 
for the stars or masses i11 = 250 and 400. 
I 
' 
' 
I 
I 
' 
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Table 38. 
Abundances of the different elements relative to XC12 occurring 
in the carbon cycle for the star of mass rYl = 250. 
X ~13 xcis X014 ~14 Xo15 ~15 
Xc12 XC12 xc12 xc12 XC12 xc,2 
0 2. 43 (+ 1) 1.13(-3) 8.06(+2) 1 .05 ( + 1) 1 .45 ( +3) 1.34(-4) 
o.1c:e5 2.48(+1) 1 .96(-3) 4.74(+2) 1 .07 ( + 1) 8.52 (+2) 1.42 (-4) 
0.2025 2.60(+1) 8.89(-3) l .o6(+2) 1.13(+1) 1 .96(+2) l .65 (-4) 
0.3025 2.23(+1) 7. 42 (-2) 8.18 l .25(+1) 1.99(+1) 2. 11 (-4) 
o.4025 3.77 2.47(-l) 5 .80(-2) l .47(+1) 1.00 2. 90(-4) 
0.5025 1 .05 (-1 ) 2.73(-l) 3.17(-5) l .85 ( + l) 2. 52 (-2) 4.32 (-4) 
0.6025 1.11(-3) 2. 71 (-1 ) 2. 52 (-9) 2.56(+1) 2.65(-4) 7.08(-4) 
0.6975 4. 14(-6) 2. 70(-1) 2.23(-14) 3.99(+1) 9.88(-7) 1.30(-3) 
: 
I 
11 I 
I 
I 
1....111 
I 
I 
I 
I 
I 
I 
j: 
... 
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Table 39. 
Abundances of the different elements relative to XC12 occurring 
in the carbon cycle for the star of mass ~~ = 400. 
~13 Xc1s x014 ~14 X01s ~15 X 
XC12 XC12 XC12 XC12 Xc12 XC12 
0 2.38(+1) 8.88 (-4) 1.01(+3) 1 .03 ( + 1) 1.81 ( +:) 1.27(-4) 
o. 1 ce5 2. 43 ( + 1) -. 1 .58(-3) 5. 78 ( +2) 1 .05 ( +l) 1 .04( +3) 1 .35(-4) 
0.2025 2. 56 ( + 1) 7.73(-3) 1 .21 ( +2) 1.11(+1) 2 .22 ( +2) 1.59(-4) 
o.3ce5 2 .22 (+1) 7.13(-2) 8.63 1 .23 ( +l) 2.07(+1) 2 .04(-4) 
o.4025 3.61 2.48(-1) 5 .4o(-2) 1 .45 ( + 1) 9.59(-1) 2.83(-4) 
• 
o.5ce5 9.39(-2) 2.73(-1) 2.56(-5) 1 .83 ( + 1) 2.25(-2) 4.24(-4) j 
0.6025 9.51 (-4) 2.71(-l) 1.87(-9) · 2. 53 ( + 1) 2.27(-4) 6.97(-4) 
o. 7025 2 .52 (-6) 2. 70(-1) 8.14(-15) 4.04(+1) 6.01 (-7) 1.33(-3) 
o. 7275 4.09(-7) 2. 70(-1) 1 .84(-16) 4. 71 ( + 1) 9.75(-8) 1.62(-3) 
---
- 112 -
Since we have XeN = ~1s + X014 + Xe1s + ~15 + X015 + ~14 + Xe1 2 
we can calculate Xe1 2 and therefore all the other abundances 
from (6.4.21). 
Taking the variations of equations (6.4.14) to (6.4.20), 
and linearising, we have 
d oXc 1 2 e xe 1 2 4 1Si 1 ~, 5 o~ 1 5 dt( X ) + K,2 1 P1Sil( X ) - -5 K,5,1 p X ( ~15) e12 , c12 e,2 
( icrt = - K,2, 1 P1Sil q + ql2, 1 )e 
4 ~ 15 icrt 
+ 5 K, 5, 1 P1Si 1 Xe 12 ( q + q 1 5, 1 ) e 
d o~,s 6\-1s 
dt ( \-,) + A.13 ( ~ ) 13 
6~13 13 1Si1Xe12 
+ ~13, 1 P1Si1 ( ~1) -wK,2,1 p \-13 
d 0Xc1s ~,s o\-,s 
dt ( X ) - A.,~~ ( ~ ) + Keis 1 pXH, c,s / c,s 1s , 
(6.4.22) 
0Xe12 ( ) 
XC12 
(6.4.23) 
xc,s 
(6.4.24) 
I 
I 
~ 
I 
- 11 3 -
d ox0 14 14 ~1~13 0~13 
dt ( ) - 13 ~13,l p X0 14 ( ~ ) x0 14 13 
14 ~1~13 ( ) iat = 13 ~13,l p q + qN13,l e X0 14 
[: 
We write 
(C + . C- I ) iO't 
= 12 1 12 e ' 
i 
... 
oX
0
14 
+ :\14(-y-) 
014 
(6.4.25) 
(6.4.26) 
(6.4.27) 
(6.4.28) 
: 
I 
I 
I 
' 
! ... 
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o~13 - - .-, iat 
~ 13 - (N13 + iN13 )e , etc. 
Substituting these in equations in (6.4.22) to (6.4.28) and 
equating real and imaginary parts, we have 
- - 4 ~1~15 -
1S2,1 pXH1c,2- aCfa - 5 K15,1 p Xc12 N15 
4 ~1~15 
= - JS2,1 pXH1 (q + q12,1) + 5 Kl5,1 p XC12 (q + ql5,1) 
(6.4.29) 
13 ~1XC12 _ (>...13 + ~ 13 , 1 P~1 )N13 - aN,3 - 121S2, 1 P ~13 c 12 
13 XC12 
= 12 JS2, 1 pXH1 ~13 (q + ql2, l) 
= 0 
(6.4.31) 
~1XC12 _ 
p -=__;- C ' 
~13 12 
(6.4.32) 
(6.4.33) 
I 
I 
I 
I 
! 
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(6.4.35) 
- - ' 1 4 ~, xc, s -
1S4·,1 P~1N14 - aN14 - 13 KC 13 ,1 P ~14 c13 
x
0
, 4 _ 
- "'1 4 ~ 1 4 °1 4 
= - K14,1 P~i(q + q14,1) 
14 ~1XC13 
+ 13 KC13 ,1 P ~14 (q + qC13 ,1) (6. 4.37) 
- 14 ~,xc,s -
aN14 + K14,1 pXH1 N,4 - 13 KC 13,l p ~14 c13 
x0, 4 _ 
- "'14 ~14 °,4 = 0 (6.4.38) 
(6.4.39) 
I 
I 
I 
I .._ 
I 
I 
I 
I 
I 
\ 
I 
I 
I 
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- 15 ~14 -
cr015 + A15615 - fZj: K14,1 P~l Xo15 N,4 
= 0 (6. 4.40) 
(6.4.41) 
(6.4.42) 
The variation of the energy in the carbon cycle due to the 
oscillation is given by the formula (Cf. A. Boury [15)). 
O€CN (ergs g-1 sec-1 ) 
= 9.66 X 1017 
(6.4.43) 
I 
I 
I 
I I 
' 
..:-. 
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ox. 
J. 
where here refers only to the real part, the imaginary part X. 
J. 
being neglected since it has no effect on the coefficient of 
vibrational stability and we have replaced 2Sr1 by the value 
practically equal to l • 
To use (6.4.43), we note again from (6.2.9) and (6.2.10) that 
ox. 
op = P ~ 
oT = T yf } (6.4.44) 
The 1 are found by solving the system of linear equations (6.4.29) X. 
J. 
to (6.4.42). Clearly from (6.4.9) and (6.4.44), we can write 
ox. ox. 
J. 
X. = x~ (r) ~ 
J. J. 
Hence from (6.4.43), we can write 
If we write (-pU(x)) and T(x) for op and oT in the 
system of equations (6.4.29) to (6.4.42) we can find the values 
oX1 oX. 
of X. (x) (= R3 X~(r)) and hence from (6.4.43) o€CN(x) (= Wo€CN(r)) 
J. J. 
Thus 
i~ fauna in this manner. 
: 
-I.I 
I 
I 
I 
I 
i 
: 
' 
I 
' 
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5X. 
Values of ]. (x) for X. the stars of mass es 111 = 250 and 4oo 
]. 
fundamental mode are given in Tables 4o and 41. The corresponding 
values of 
€CN and 5€CN (x) are found in Table 42. 
We are now in a position to evaluate the integral (6.3.3). 
' 
I 
I 
: 
I 
I 
' 
r 
Table 4o . 
ox. 
Evolutions of l. (real part only) across the star of mass o1'2 = 250 , 
xi 
fundamental mode. 
oxc12 0~13 oxc1s oX014 0~14 0Xo1s 0~15 X X (x) ~ (x) X (x) (x) ~ (x) X (x) ~ (x) c12 13 c1s X014 l 4 015 15 
0 3.o6(-4) 3.31(-4) 6.42(-4) -6.74(-6) 3.32(-4) -5 .23 (-6) 3 .33(-4) 
0.1 a?5 5.34(-1) 5. 76 (-1) 1.13 -2 .04(-2) 5.80(-l) -1 . 57 (-2) 5.81(-l) 
0.2a?5 2. l 0 2.21 4.59 -3-71 (-1) 2 .29 -2. 7 9(-1) 2. 31 
0.30'25 3.34 1.85 8. 14 -4.82 3.65 -2 .96 3.89 
o.4a?5 2.00 -1 • 73 1 .26 ft- 1 ) -1.48(+1) 9.75(-l) -1.29(+ 1) 2.22 \0 
0.5a?5 5.38(-l) -6.12 3. 14 -3 .24 (+ 1 ) - 1 .25(-2) -2 .67 ( +l) 4.12 
o.6a?5 3.15(-3) -1.21(+1) 4. 97(-2) -6 .32 (+ l ) -2 .30(-6) -5.20(+1) 1 .39(+1) 
0.6975 5.85(-8) -2 .25 ( +l ) 3 .44 (-4) -1 . 18 (+2) -3 .84(-11) -9.68 (+ 1) 7 . 36 (-2) 
I 
~ 
-
r 
Table 41. 
Evolution of 
oxi 
(real pa.rt only) across the star of mass oY2 =4oo, X. 
1 
fundamental mode. 
0XC12 0~13 5XC13 oX014 0~14 oX01s 0~15 X X (x) ~ (x) X (x) (x) ~ (X) X (x) ~ (x) c12 13 c13 X014 1 4 015 15 
0 3-33(-4) 3 .60(-4) 6.97(-4) 
-5. 72 (-6) 3.61 (-4) -4.46(-6) 3.62(-4) 
o. 1 ce5 5 .83 (-1) 6.29(-l) 1.23 
-1 . 79 (-2) 6.33(-1) 
-1 .39(-2) 6.34(-1) 
o.2ce5 2.33 2.47 5.o8 
-3.56(-l) 2.55 -2. 70(-1) 2.56 
_, 
I'\) o.3ce5 3.72 2. l 9 9.16 
-5.23 4. 11 
-3 .25 4.33 0 
o.4ce5 1.95 
-2 .53 l .36 ( + 1) 
-1 . 74 ( + l) 1.24 
-1 .46(+1) 2.36 
o.5ce5 5. 56 (-1) 
-7.98 3.56 -3.82(+1) -1 .30 (-2) 
-3.10(+1) 4.01 
o.6ce5 :,.o8(-3) 
-1.59(+1) 5 .61 (-2) 
-7.54(+1) -2.24(-6) 
-6 .11 (+1) l .44(+1) 
o. 7ce5 -2 .61 (-8) 
-3.09(+1) 2.88(-4) 
-1 .46 (+2) 
- 1 . 93 (-11) -1.19(+2) 5 .38(-2) 
o. 7275 -6.69(-10) 
-3 .65 (+ 1) 5-53(-5) - 1 . 73 ( +2) 3.72(-9) -1.40(+2) 8.47(-3) 
l:. --~~-- ,1 
,._ 
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Table 42. 
Variation of the energy generation across the star for the 
stars of mass Yi ~ = 250 and 400, fundamental mode. 
'>:Yl = 250, f-mode 
X € OE (x) ECN OECN(x) EP PE 
0 6.66(+4) -1.54(+1) 7.30(+4) -3.30(-1) 
0.1025 5.28(+4) -2.20(+4) 7.2 1 (+4) -9.86(+2) 
0.2025 2. 78 (+4) -5.06(+4) 6.58(+4) -1 .62 (+4) 
0..3025 l .06 (+4) -5 .05 (+4) 3 .41 (+4) .9.41 (+4) 
o.4025 3.07(+3) -3.22 (+4) 5. 11 ( +3) -4.42 (+4) 
I 
0.5025 6.96(+2) -1 .37 (+4) l .34(+2) -3. l 5 ( +3) 
\ 
0.6025 l • 09-( +2) -3.91 (+3) 1.05 -4.86(+1) 
I 
0.6975 1.16(+1) -7. 70(+2) 2.57(-3) -2 .32 (-1) 
'S(l = 4oo' f-mode. 
X € OE (x) ECN OECN(x) ;2P J2P 
0 6 .34 ( +4) -1 • 58 ( +1) 7.98(+4) -3.o8(-1) 
0.1025 4. 95 (+4) -2 .24 ( +4) 7. 91 (+4) -9.51 (-+2) Ir 
0.2025 2 .52 (+4) -5 .02 (+4) 7 .29( +4) -1,73(+4) 
0.3025 9.13 (+3) -4.84(+4) 3.81 (+4) -1 • 15 ( +5) 
o.4025 2.55(+3) -3.00(+4) 5 .43 (+3) -5.37(+4) 
0.5025 5.55 (+2) -1 .24(+4) l .32 (+2) -3.56(+3) 
0.6025 8.39(+ 1) -3.48(+3) 9.se(-1) -5 .32 (+l) I; 
o. 7025 7.85 -6-.23 (+2) 1 .68(-3) -1 .83 (-1) 
Ir 
o. 7275 3 ,97 -3. 72 (+2) 2.35(-4) -.3 .02 (-2) 
I .. 
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Section 6.5 : Calculations and Results. 
We have evaluated the integrals I' , ~ and A' 
€ 
as given 
by (6.3.1) to (6.3.3) for the stars of mass, rn = 1 O , 80 , 250 
and 400 for the fundamental mode, ~ = 2 • Tables 43 - 45 give 
for the case of stars of mass ~l =250 and 4oo, fundamental mode, 
{ = 2 , the values of 
Jx I(x)dx 
0 
, Jx ~(x)dx and 
0 Jx A (x)dx 0 € 
where I(x) , ~(x) and A€(x) are the integrands occurring in 
(6.3.1) to (6.3.3) respectively. 
We have also performed the calculations for the P1 , P2 
and g1 -modes, ~ = 2, for the same models. 
presented in Tables 46 to 49. 
Our results are 
We have then repeated the above calculations for the star 
tl'.2 = 8o, ~ = 3 and 4 and these results are given in Tables 50 
and 51. 
We have restricted ourselves to the g1-mode in order to ensure 
that the period of oscillation T = 2n/cr is reasonably short compared 
to the mean life time of a convective element. 
Figs. 5 and 6 illustrate the behaviour of log V' and 
log[ (AfF + A~)/a2I'] as ~c varies for the various modes, ~ = 2 • 
1, 
L 
i 
1, 
1, 
I i I 
.. 
- 123 -
We note that for the fundamental mode, t = 2 , the 
coefficient of vibrational stability increases with increasing mass. 
This behaviour is opposed to the case of radial oscillations for 
which the coefficient of vibrational stability decreases with 
increasing mass. We attribute this to the increase of sR/sc 
with increasing mass for the fundamental mode of non-radial oscillation 
while sR/sc decreases with increasing mass for the corresponding 
radial oscillation. (Cf. Boury [15), Chapter 4). Fig . 7 illustrates 
the behaviour of s as x varies for the various masses, fundamental 
mode, t = 2 • These curves behave in an opposite manner to those 
illustrated in Boury [15]. 
In the case of the P-modes, the destabilising term 
A~ is practically negligible compared to the stabilising term ~. 
I 
I 
I 
11 ' 
I , 
I, 
I: 
Ii 
...I 
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Table 43. 
Values of Jx I(x)dx , f -mode 
0 
X n = 250 dl = 400 
o. 1125 1 .31 (+6) 2 .27 (+6) 
. 
0.2125 2 .62 (+7) 4.50(+7) 
0.3125 1 .40(+8) 2.39(+8) 
o.4125 4.21 (+8) 7 .21 (+8) 
0.5125 9.23 (+8) 1 .59(+9) 
0.6125 1 .64(+9) 2 .86 (+9) 
o. 7125 2 .48(+9) 4.37(+9) 
0.8125 3.18(+9) 5 .69(+9) I 
o. 9125 3 .50(+9) 6.32 (+9) 
Ii ~ 
1.0 3 .54(+9) 6.39(+9) I 
Table 44. 
Values of Jx ~(x)dx , f - mode . 
0 
X )1''.Z = 250 ·m = 400 
o. 1175 2 .53 (+ 12) 4.97(+12) 
0.2175 3.1 3 (+13) 6.26(+13) 
0.3175 6.95(+13) 1 .42 (+14) 
o.4175 3 .32 (+13) 7 .32 (+13) 
0.5175 3.68(+13) 1.12(+14) 
0.6175 3.77(+14) 9.49(+14) 
0.7175 2 .09(+15) 5,10(+15) 
0.8175 8.88 (+ 15) 2.16(+16) 
o. 9175 3.30(+16) 8.13(+16) 
1.0 9.04(+16) 2.27(+17) 
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Table 45. 
Values of J x A (x)dx , f-mode. I 
0 € 1, 
X YJ'Z = 250 ro .. = 400 
0.1125 -1 .05 (+ 11) 
-2. 13 ( +11) 
0.2125 
-5.33(+12) 
-1 .07(+13) 
0.3125 -4.26(+13) 
-8. 71 ( + 13) I 
o,.4125 -1.00(+14) 
-2 .03 (+14) \ 
I 
0.5125 -1.22(+14) -2. 41 ( + 14) 
0.6125 -1.27(+14) -2 .49(+14) 
o. 7025 -1 .28(+14) -2 .50(+14) I 
-2 .50(+ 14) ' o. 7125 ~ 
o. 7325 -2.51 (+14) I 
. 
. 
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Table 46. 
Vibrational stability, f-mode, t = 2 • 
trl 10 80 250 400 
~ 1.48(+14) 8.61 (+15) 9.04(+16) 2.27(+17) I ' 
A' -5. 13 ( + 11 ) -2 .22 (+13) -1 .28(+14) -2. 51 ( + 14) 
€ 
I' 5.98(+ 7) 8 .25 (+ 8) 3.54(+ 9) 6.39(+ 9) 
a2I' 5.97(+ 2) 6.12(+ 3) 1 .65 (+ 4) 2 .49(+ 4) 
log[ (~+A~) /a2 t] 11 ,39 12. 15 12.74 12. 96 
V'(= 2R2cr") 6.17(+10) 7.37(+10) 9.56(+10) 1.02(+11) I 
0 
log V' 1 o. 79 10.87 10.98 11 • 01 
: 
Table 47. ~ 
Vibrational stability, P1-mode, t = 2 • 
r'/1 10 80 250 400 
~ 4.56(+16) 7.98(+17) 4.34(+18) 9.74(+18) 
A' 
€ 
-4.14(+11) -3 .64 ( +12) -8. 72 (+ 12) -2 .oo (+13) 
I' 6.46(+ 7) 4.73(+ 8) 1 .60(+ 9) 2.68(+ 9) 
a 2 I' 1 .65 ( + 3) 8.39(+ 3) 1 .68 (+ 4) 2.31 (+ 4) 
log[ (~+A~) /a2I'] 13.44 13. 98 14. 41 14.58 
V'(= 2R2cr 11 ) 
0 
6.92 (+12) 5,00(+12) 4.50(+12) 4.22 (+12) 
log V' 12.84 12.70 12.65 12 .62 
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Tab.;Le 48. 
Vibrational Stability, P2 -mode , -l=2. 
t (2 10 80 250 4oo 
~ 8.35(+17) 1.41(+19) 7,31(+19) 1 .1.i2 (-+20) 
A' -1.90(+12) -2 .54 (+ 13) -5 .64(+13) -7.62(+13) 
€ 
I' 4.22 (+ 7) 3,15(+ 8) 1 .07 (+ 9) 1.77(+ 9) 
I 
a2 I' 1 .96(+ 3) 1 • 01 (+ 4) 2.01 (+ 4) 2.72(+ 4) 
log[ (~+A~) /a2 I'] 14.63 15 .14 15.56 15. 72 
V' (= 2R2a") 
0 
1.06(+14) 7 .33 (+13) 6.35(+13) 5 .83 ( + 13) 
log V' 14.03 13.86 13.80 13.77 
i 
I 
Table 49. ~ 
I 
Vibrational stability, g1-mode, -l=2. 11 
'( (2 10 80 250 4oo 
1: 
~ 3.09(+13) 4.33(+16) 1 • 65 ( + 18) 5.59(+18) 
A' -6.o6 (+12) -3 .07 (+ 14) -1.34(+15) -2 .37 (+15) 
€ 
I I 2.50(+ 8) 6.25(+10) 1 .20(+12) 3.88(+12) 
a2 I' 2.96(+ 2) 8.61 (+ 3) 3 .45 (+ 4) 5.97(+ 4) 
log[ (~+A~) /a2r '] 1 o. 92 12.70 13 .68 13.97 ii 
p 
V' (= 2R2a ") 
0 
2.10(+10) 2. 63 ( + 11 ) 8.34(+11) 1 .05 (+12) 
log V' 10.32 11 .4e 11 • se 12.0'2 
Ii 
• 
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Table 50. 
Vibrational stability , ro_ = 80 
f and g1 -modes, t = 3 and 4. 
f-mode 
t=3 t=4 
3,94(+16) 6,91 (+16) 
-7. 83 ( + 12) -2. 18 ( + 12) 
6.04(+ 8) 4.11 (+ 8) 
6.26(+ 3) 5.10(+ 3) 
log( (~+A~)/a2I 1 ] 12.80 13. 13 
7.11(+11) 
11 .85 
V' (= 2R2a") 3·,31 (+11) 
0 
log V' 11 .52 
Table 51. 
g1-mode 
t = 3 t = 4. 
2.29(+16) l .33(+16) 
-5.65(+13) -1 .32(+13) 
l .25(+10) 3,33(+ 9) 
3.18(+ 3) l .29(+ 3) 
12.86 
3, 77 (+11) 
11 .58 
13. 01 
5.41(+11) 
11 ,73 
Vibrational stability, 111 = 80, P1 and P2 modes , t = 3 and 4. 
P1-mode P2 -mode 
log( (~+A~)/a2I'] 
V' (= 2R2a ") 
0 
log V' 
t= t=4 t=3 t=4 
1.23(+18) 
-1 .04(+12) 
1 .94(+ 8) 
4.37(+ 3) 
14.45 
1 .48(+13) 
13 .17 
1 • 43 ( + 18) 
-3,54(+11) 
9.84(+ 7) 
2.58(+ 3) 
14. 74 
2.~(+13) 
13.47 
1.03(+19) 8.36(+18) 
-1 -53(+12) -2, 74(+11) 
8.18(+ 7) 3.21 (+ 7) 
3.17(+3) 1.42(+3) 
15, 51 
l • 70 (+ 14) 
14.23 
15.77 
3 .09(+14) 
14.49 
Ii 
I' 
I! 
1, 
' 
I 
i 
i 
I 
l 
Fig . ) · 
Values of l ogY ' (V ' = ,:,R2 o ") · t A. c. a...r1::l.~r.s 1-1 0 o C 
for different mods oi r.or. - rad:al 0::;c~llati~r, 
in tne case wher, ~ = 2 . 
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Section 6.6 The Coefficient of Vibrational Stability for 
Variable Opacity. 
We shall now consider the case where the opacity K in 
(6.2.5) is not constant but a function of T. Following 
Boury [15], we shall use for the opacity the formula 
K = o.4 - o.0094318kT + 0.00011839(kT) 2 , 
0 < kT < 30keV, (6.6.1) 
where k is the Boltzmann constant. 
We shall use the same models which were constructed in Chapter 
for constant opacity. However, following Boury [15], we use the 
corrected values L'(x) for L(x) , L'(x) being given by 
o.4L(x) - K L' (x) 
in the core, and in the envelope we take 
L' (x) = L' (xf) , 
i.e. the value of L'(x) at the transition point xf between the 
9onvective core and the radiative envelope. 
For calculating Ai,, we need to modify the formula (6.3.2). 
We note in the second integral of (6.3.2) that 
~€ 
t 
= 
1 
x:2 
dL(x) 
dx 
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Hence we write the modified value of ~ in the form 
(Ai,lm = J
0
1 
(r
3 
- 1)(-U(x))!c (L'(x)H'(x))dx 
where 
H' (x) 
H' :;;;: 
+ f 1 L' (x) ~ [ (r3 - l) (+ U(x))u] 0 
X ~ _l dL(x) dx 
L\XJ x_2 dx 
.t(.t+l)L'(x) (r - 1)(- U(x)) 
x2 3 
x [T(x)(dt)- 1 - ~]dx 
dx x2 
= R3H' ' 
dT dT T . d 
--- (-)- 1 + 3 - - 2.. - - or(r) dr dr T p dr 
+ 2or(r) 
r 
or(r) dLr _ oK(r) 
L dr K 
r 
, 
oK(r)~ = oK 
(6.6.2) 
(6.6.3) 
1 dL(x) 1 dl.,r . 1 dL' (x) 
and L dr instead of L, (x) dx We have kept the terms LTxT dx r 
and 
dL' 
r 
L' dr in (6.6.2) ani (6.6.3). This does not affect 
r 
the calculations as these terms are very small in the envelope and 
therefore their contributions to (~)m are small. 
We obtain 5K from the equation (6.6.1), which yields 
oK = [-0.0094318kT + 0 .• 00023678 (kT) 2 ] Bi 
5K(r) is easily obtained from (6.6.4). 
(6.6.4) 
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We have calculated (AfI,) m and hence V' 
m 
(the modified value 
of V') for the models used in the above manner for the 
fundamental mode. 
the values of 
These results are given in Table 52. Although 
V' are considerably larger than their 
m 
corresponding values in Table 46, the differences in 
log V' are small and these have 
m 
little effect on the graphs of Figs. 5 and 6, shifting them 
slightly . 
We therefore are of the opinion that the coefficient of 
vibrational stability is increased by considering the opacity as 
a function of T instead of a constant. However this increase 
does not appreciably alter its behaviour with respect to increasing 
mass (or decreasing ~) as illustrated in Fig. 5. 
C 
m 
(~)m 
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Table 52. 
Vibrational stability, f-mode, t = 2 , 
modified for variabl~ opacity. 
10 80 250 
1 .61 (+14) 9.66{+15) 9.82{+16) 
log[ ( (~) +A') /a2I '] 11 .43 
m € 
12 .20 12.77 
V' 6.70(+10) 8.27(+10) 1 • o4 ( + 11 ) 
m 
log V' 10.83 1 o. 92 11 -~ m 
4oo 
2 .4~(+17) 
12.99 
1 • 09 ( + 11 ) 
11 .o4 
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Conclusions. 
We have obtained the eigenvalues for several modes of 
non-radial adiabatic oscillations of stars of various masses. 
We have in Chapter 4 tested a perturbation method due to Cowling 
and in Chapter 5, we have shown that one of the values of 02 
satisfying equation (5.2.15), derived by Chandrasekhar's variational 
principle, is not a true eigenvalue and we have verified that the 
other value of cr2 is a true eigenvalue. 
We have found that for ~ = 2 , the coefficient of vibrational 
stability decreases with increasing IllB.SS for the P1 and P2 -modes 
and it increases with increasing mass for the f and g1-modes. 
In the case of the g1-mode it increases much more rapidly than in 
the f-mode. It appears that vibrational instability will not occur 
in any of the modes of oscillation considered. 
In the case of the fundamental mode, this opposite effect to 
the corresponding radial oscillation is due to the increase of 
sR/sc with increasing mass in the former and the decrease of sR/sc 
with increasing mass in the latter. 
We have shown for the star of mass rr2 = 80 that the coefficient 
of vibrational stability increases with increasing ~. We believe that 
this is true for other massive stars initially composed of pure 
hydrogen too. 
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By considering the opacity as a function of T instead 
of a constant, we increase the values of the coefficient of 
vibrational stability but this does not affect appreciably its 
behaviour with increasing mass. 
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